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Notation:
o Let {Z(n),n > 0} be a Galton-Watson branching process with Z(0) = 1;

f(s) =Es* = i Jus"
k=0

be the offspring generating function of the process;

@ Z(m,n) be the number of particles in the process at moment m < n
having a positive number of descendants at moment n.

@ The process {Z(m,n),0 < m < n} is called a reduced process.
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@ Fleischmann and Prehn (1974) - the subcritical reduced processes.

@ Zubkov (1975) - the distance to the most recent common ancestor
(MRCA) for the supercritical Galton—Watson processes and for the critical
processes with possibly infinite variance of the offspring size.

@ Fleischmann and Siegmund-Schultze (1977) - a functional conditional
limit theorem on the convergence of the reduced critical Galton—-Watson
branching process to the Yule processes.




o Different questions related to the problem of the distribution of the MRCA
for the k particles selected at random among the Z(n) > k particles
existing in the population at moment n were considered, for instance, by
K.Athreya, O’Connell, Durrett, Lambert, S.C. Harris, Johnston, Roberts,
Moelle, Sagitov.

@ Properties of the GW processes given that the total amount of particles in
the process is fixed or belongs to some sets were considered by Dwass,
Kolchin... and many others, including Abraham and Delmas.




Abraham and Delmas (2014): the structure of the tree given that the number
of particles in generation n is fixed.

@ A Kesten tree 7 is an infinite random tree with vertices labeled by tuples
ViVa - - - Vi, n € N (the size-biased tree) whose distribution is as follows.

@ There exists a unique infinite random sequence (V;! € N) of positive
integers such that, for every h € N, ViV - - -V, € T, with the
convention that V1 Vo - - - Vi, = @ if h = 0.




The joint distribution of (V;;1 € N) and 7" is determined recursively as follows:

o for each h € N, given V1 V5 - - -V}, and 7, (restriction of 7" to the first h
generations) we have:

@ The number of children of all particles of generation h are independent
and distributed according to

fl&)=Bsf =) fis’
7=0
if ViVa--- V), ¢ T* and according to

f'(s) =B [es*]

ifViVa-- -V, € T,

@ Given also the total number M}, of children of all particles of the h—th
generation, the integer V41 is uniformly distributed on the set of integers
1,2, ..., My.



Let 7 be the genealogical tree of an ordinary GW process.

Theorem

Assume that fo+ f1 <1 and E¢ = 1. Let {an,n = 1,2,...} be a sequence of
positive integers tending to infinity such that, for any 7 = 0,1, ...

i PZ0=1) = aw)

TP —an)

Then

L(T |Z(n) = an) — L(T").




Our result is, in a sense a commentary to this paper and to the results due to
Fleischmann+Prehn and Zubkov and concerns the reduced trees.
We know that if
E¢=1, 2B:=Varf e (0,00),
then .
Q(n) =P (Z(n) >0) ~ By 3 no

and, for any y > 0

. Z(n) .
lim P| —* <yl|Z =1—-e"Y.
Jim ( B = y|Z(n) > O) e
In addition (Fleischmann+Prehn), for any fixed ¢ € [0,1) and all s € [0,1]

1—t
1—ts’

lim E [sz("t’")|Z(n) > O] =s

n—o00



{Z(n) > 0} is replaced either

We study the asymptotic properties of the reduced process when the condition
asn — 0o

@ by the assumption that {0 < Z(n) < Bp(n)} for a function ¢(n) = o(n)
@ or by the assumption that {0 < Z(n) < aBn} for some a > 0.




Ifg.cd{k: fr >0} =1,

E¢=1, 2B:=Varfe (0,00),
and p(n) — oo in such a way that o(n) = o(n), then for any x € (0, c0)

1— e—(l—s)/a:

lim E [sZ"=2¢Mm0 < Z(n) < Bgo(n)] = se———

n— oo




Let
B(n) :=max (0 <m < n:Z(m,n)=1)

be the birth moment of the MRCA of all particles existing in the population at
moment n and let d(n) := n — 3(n) be the distance from the point of
observation n to the birth moment of the MRCA.

Corollary

Under the basic conditions

Tim P (d(n) < 2p(m)|0 < Z(n) < Bp(n)) == (1 - /7).




Proof of the corollary. Let
Then

H(n) = {0 < Z(n) < Be(n)} .

lim P (d(n) < zp(n)|H(n))

Note that

= lim P (Z(n — ap(n),n) = 1[H(n))
_ e (1=s)/z
= coef fs [sxl et

_ 1_ —l/z) )
1—s ] x( €

lim z (1 - eil/z) =1and limz
Tr— 00

r—

(1 - e*l/z) —0.




If g.c.d{k : fr > 0} =1 and the basic conditions are valid, then, for any fixed
t€[0,1) and any a > 0

1—¢1— e—(l—ts)a/(l—t)
1—ts 1—e@ '

lim E [sz("t’”)‘ﬂ < Z(n) < aBn] =5

n—oo

Corollary

Under the basic conditions

lim P (d(n) < nt|0 < Z(n) < aBn) = tl

n—oo 1—e2 ’

Observe that (Zubkov), for 0 <t < 1

lim P (d(n) < nt|0 < Z(n)) =t.

n—o00



Proof of the corollary
As before:

lim P (d(n) <tn|0 < Z(n) < aBn)

t

lim P(Z(n(1—-t),n) =10 < Z(n) < aBn)
=coeff ST =)

1— e—(l—(l—t)s)a/t

1—e @

1— —a/t
¢ (&

1—e @




Basic tool:
Let
H(n) :=={0 < Z(n) < By(n)}.

We have

P (Z(n —zp(n),n) = jIH(n))

P (Z(n—xp(n),n) = j) X P (H(n)|Z(n - z¢(n),n) = j)

P (H(n))




14 =
Bn
Therefore, given k/n — 0

Nagaev, Wachtel (2006): if the basic conditions are valid and k,n — oo in
such a way that the ratio k/n remains bounded then
lim n*B?

P (H(n)|Z(0) =1)

k41
) P(Z(n)=klZ(0)=1)=1

>

1<k<Be(n)

1

n2 B2

P (Z(n) = k| Z(0) = 1)

>

1<k<Be(n)

1~

v(n)

n2B’




(oo}

Denote f,(s) the nth iteration of f(s) with itself. Then
P (Z(n—=z¢(n),n) = j) =

=Y P(Z

ZP(Z n—axp(n)) = k; Z(n — zp(n),n) = j)
(n—z¢(n)) = k) CLf1y0,(0) (

k=j

_ @ —fmz?(n)( )’

4!

Foom(0))




Now
1im 7? [fo41(0) = fa(0)]
We consider for A > 0 the function

1
and find r such that

fm(f;\ga(n) (0)) = fm(eA log fzgo(n)(o))

We know that

L= fry1(0) < 1 — f2um)(0) < 1— £(0).

Hence we get

A

Bxp(n)
o Te(n)

A

=o(n) as n — oo.




Hence we get
T~ ze(n) = o(n) as n — oo.

A
Then for n — m = zp(n)

r—1
J— 3 2 —
= nh_)ngo 2o (n) kzon [fm(karl(O)) fm(fk(o))]
. — 712 2
= nlg& 2o (n) 2t )2 (m 4+ k)" [frmtr+1(0) — frnar(0)]
1 1 . 11
- B nlin;o zp(n) par L= B\

u]
)]
I
i
it




Thus,

2

Jim oty (@) = )] =

1

B A>0.

>

Clearly, the prelimiting and limiting functions are analytical in the complex
semi-plane Re A > 0.

Therefore, the derivatives of any order of the prelimiting functions converge to
the respective derivatives of the limiting function for each A with Re A > 0.

Thus, for each j > 1

. Bn?
R ) )dm [fm(

Alo, 1 ]'
1 gfw(n)(o))] =(=1) ST



Seth :=i1+"'+i]‘ and
D(§) i= {(i1y.orij) 1 Lodn + 242+ + ji; = 5},

By Faa di Bruno's formula we have
Alog fr(n) (0)
d)d [f ]

. J eMOE Faip(n) (O )\
! 7(7114')(6)\ logfmp(n)(o) H (( g fap(n)( )) )

4 1 Tip
_ Z J: 7(7113-)( Alogfww(o)) AT log £ (n) (0) H ngw(n)( ))
PR =N

: 3L U e 0
= (or s O) T gy (e @)t s T (1)

D(5)

r=1




One can show by induction for m = n — z¢(n) that

., Bn® & 0
(=173t~ :cSO?n) 23 [ ) oy
. J' 32n2 1) J 1
- (—1)7732(;) irlig! -+ i1 (Bryp(n))i+tt’™ (fww(o))rl;[l(r!)“
i 4! B*n® )
~ OV S gy e (©)

B2’n2

(—1) Wf'r(r{)(fw«p(n)(o))-




This representation and previous results give

”ﬂwwwmm:ﬁ__gié?@&
1

jL(@Bp(n))’
3! (zBep(n))’

B2n2

_ zp(n)

Bn2? -’




Let now Z7(m),..., Z;(m) be i.i.d. random variables distributed as

{Z(m)|Z(m) > 0}, and let n1,...,n; be i.i.d. random variables having
exponential distribution with parameter 1. Then

lim P (0 < Z(n) < Bé(n)|Z(n — zp(n), n) = j)

= Jlim P (Z{(zp(n)) + - + Zj (wp(n)) < Bp(n))
= limP(M+...+M<l)

Bzp(n) Bzo(n) — =z

= Pttt ) =1 /Uzzj_le_zdz
N Y A R |

u]
)]
I
i
it




As a result
Jim B [s7C 0 mm)] = 3 lim P (20— ap(n),n) = jIH(n)s’
j=1
© YE
— Z 'xl '/ 7 e d2
=1 G=D'Jo

1/x
= xs/ / e DEgy = T8 (1 — e_(l_s)/x) .
o 1-s

u]
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Generalizations:
o infinite variance for the offspring number?77 :

there is NO local limit theorem for Z(n) = j for large j (!)

o Age-dependent processes, that is the processes with G(t) = P (7 < t)
being the life-length distribution of the particles of the process and
n=Er.




It is known (V., 1976, 1979) that if B¢ = 1,

1-Gt)=P(r>t)~ =
then, for o c (O, 2)

2B = Var¢ € (0,00), and
C
for v > 2

lim P
too

Jlim B [SZ(t>|Z(t) > 0] 1 Vi,

(Az(t) <wz|Z(t) > 0) e,




s e
a) for all s € [0,1)

Jim B [Szu)m(t) ) 0]
b) for any x>0

- p?4+4C(1 —s)
tli,Holop L

(L2()<w12()>0) =1 rsr(-e)
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o wm
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