
A note on branching processes in varying
environment with generation-dependent

immigration

Carmen Minuesa Abril
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Probability model

Discrete-time stochastic model (non-overlapping generations).

There is an immigration process in each generation.

2 phases:

{
Immigration phase.
Reproduction phase.

The distributions that govern both phases depend on the generation.

Number of

individuals

Immigration
phase−→ Number of

progenitors

︸ ︷︷ ︸
nth generation

Reproduction
phase−→ Number of

individuals

︸ ︷︷ ︸
(n+1)st generation
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Probability model

Probability model

Two independent families of independent N0-valued r.v.s
{Xnj : n ∈ N0; j ∈ N} and {In : n ∈ N0}.

For each n ∈ N0 fixed, Xnj , j ∈ N, have distribution given by the p.g.f.
fn(s) =

∑∞
k=0 fn[k]sk (offspring distribution of the n-th generation).

For each n ∈ N0, In has distribution defined by the p.g.f.
hn(s) =

∑∞
k=0 hn[k]sk , with hn(0) < 1, for n ∈ N0 (immigration law

of the n-th generation).

The process {Zn}n∈N0 defined recursively as

Z0 = 0, Zn+1 =
Zn+In∑
j=1

Xnj , n ∈ N0,

is called branching process in varying environment v = {f0, f1, f2, . . .} with
generation-dependent immigration (BPVEI) and initial value Z0 = 0.
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Probability model

On the BPVEIs

K. V. Mitov and E. Omey (2014). A branching process with
immigration in varying environments. Communications in Statistics -
Theory and Methods, 43(24):5211–5225.

Z. Gao and Y. Zhang (2015). Limit theorems for a Galton–Watson
process with immigration in varying environments. Bulletin of
Malaysian Mathematical Science Society, 38:1551-1573.

M. Ispány (2016). Some asymptotic results for strongly critical
branching processes with immigration in varying environment. In I. del
Puerto, M. González, C. Gutiérrez, R. Mart́ınez, C. Minuesa,
M. Molina, M. Mota, and A. Ramos, editors, Branching Processes and
Their Applications, volume 219 of Lecture Notes in Statistics, pages
77–95.
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Probability model

Probability model

Offspring distribution:

fi ,n = fi+1 ◦ . . . ◦ fn, −1, . . . , n

mn = E [Xn1],

σ2n = Var [Xn1].

Immigration law:

αn = E [In],

β2n = Var [In],

Proposition

For n ∈ N0,

E [sZn+1 ] =
n∏

i=0

hi (fi−1,n(s)), s ∈ [0, 1].

E [Zn+1] =
n∑

i=0

αn−i

i∏
j=0

mn−j .

Var [Zn+1] =
n∑

i=0

β2
i

n∏
j=i

m2
j +

n∑
i=0

n∏
j=i+1

m2
j σ

2
i

(
αi +

i∑
k=0

αi−k

k∏
l=0

mi−l

)
.
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Probability model

n = 0︷ ︸︸ ︷ n = 1︷ ︸︸ ︷ n = 2︷ ︸︸ ︷ n = 3︷ ︸︸ ︷

Z0 = 0, I0 = 1, Z1 = 2, I1 = 2, Z2 = 7, I2 = 1, Z3 = 10.
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Probability model

n = 0︷ ︸︸ ︷ n = 1︷ ︸︸ ︷ n = 2︷ ︸︸ ︷ n = 3︷ ︸︸ ︷

{Z̃ (0)
k }k∈N0

{Z̃ (1)
k }k∈N0

{Z̃ (2)
k }k∈N0

Z3
d
= Z̃

(0)
3 + Z̃

(1)
2 + Z̃

(2)
1
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Probability model

Proposition

Let us consider:

A family of independent r.v.s {X (j)
ki : k ∈ N0; i ∈ N; j ∈ N0} such that

for each k ∈ N0 and j ∈ N0 fixed, X
(j)
ki , i ∈ N are distributed

according to the p.g.f. fk+j .

The independent processes {Z̃ (j)
k }k∈N0 , j ∈ N0, defined as:

Z̃
(j)
0 = Ij , Z̃

(j)
k+1 =

Z̃
(j)
k∑

i=1

X
(j)
ki , k ∈ N0.

Then

Zn
d
=

n−1∑
j=0

Z̃
(j)
n−j , n ∈ N.
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Extinction problem

Extinction problem

But 0 is not an absorbing state!

P[Zn+1 > 0|Zn = 0] = 1− hn(fn(0)) > 0

... so why is the extinction problem interesting?
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Extinction problem

An example

P[I0 = 0] = P[I1 = 0] =
1

2
, and P[I0 = 1] = P[I1 = 1] =

1

2
,

P[In = 0] = 1− 1

n2
, and P[In = 1] =

1

n2
, n ≥ 2,

Xn1 ∼ P(mn), with mn =

{
1, n = 0, 1,
1− 1

n2
, n ≥ 2.
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Extinction problem

An example
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Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Zn > 0].
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Extinction problem

Extinction problem

q = P

 ∞⋃
n=0

∞⋂
j=n

{Zj = 0}



Proposition

q = 1 ⇔ lim
n→∞

f−1,n(0) = 1, and
∞∑
j=0

(1− hj(fj(0))) <∞.
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Extinction problem

Example: q = 1

P[In = 0] = P[In = 1] =
1

2
, n ∈ N0

1− P[Xn1 = 0] = P[Xn1 = 1] =

{
1/2, n = 0, 1,
1/n2, n ≥ 2.
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Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Zn > 0].
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Extinction problem

Example: q < 1

P[In = 0] = P[In = 1] =
1

2
, n ∈ N0,

1− P[Xn1 = 0] = P[Xn1 = 1] =

{
1/2, n = 0, 1,
1/n, n ≥ 2.
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Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Zn > 0].
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Asymptotic behaviour

Asymptotic distribution

Let us also write

νn =
f ′′n (1)

f ′n(1)
, n ∈ N0, µn =

{
1, n = −1,∏n

i=0mn, n ∈ N0.

The regularity assumption (Kersting (2017)): for every ε > 0 there is
a constant cε <∞ such that for all n ∈ N0,

E [X 2
n1;Xn1 > cε(1 + E [Xn1])] ≤ E [X 2

n1;Xn1 ≥ 2]. (1)

BPVEs with inhomogeneous immigration and critical offspring
distributions according to the classification in Kersting (2017) for
BPVEs

n∑
k=0

νk
µk−1

→∞ and
1

µn
= o

(
n∑

k=0

νk
µk−1

)
, as n→∞. (2)
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Asymptotic behaviour

Asymptotic distribution

Theorem

Let {Zn}n∈N0 be a BPVEI satisfying (1) and (2) and denote

an+1 =
µn
2

n∑
k=0

νk
µk−1

, n ∈ N0.

Assume that

νn → ν > 0 and αn → α > 0, as n→∞.

infn∈N0 hn(0) > 0.

supn∈N0
h′′n(1) <∞.

Then, the asymptotic distribution of Zn/an is a Gamma distribution with
parameters 2α/ν and 1.

Proof
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Asymptotic behaviour

An example

Corollary

Let {Zn}n∈N0 be a BPVEI satisfying the conditions of the previous
Theorem,

P[Zn > 0]→ 1, as n→∞.
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Asymptotic behaviour

Asymptotic distribution: an example

hn(s) =

{
2−1(1 + s), n = 0, 1, 2
2−1 − n−1 + (2−1 + n−1)s3, n ≥ 3.

Xn1 ∼ P(mn), with mn =

{
1, n = 0, 1,
1− 1

n2
, n ≥ 2.

νn = 1, n ∈ N0.

an =
1

2

n∏
j=2

(
1− 1

j2

)3 +
n∑

k=3

k−1∏
j=0

(
1− 1

n2

)−1 , n ≥ 2.

αn =
3

2
+

3

n
→ α =

3

2
, as n→∞
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Asymptotic behaviour

Asymptotic distribution: an example
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Fig: Left: Comparison of the histogram of Zn/an, for n = 100 and a pool of 104 BPVEIs, and
the density function of the corresponding gamma distribution, which in this case is gamma
distribution with parameters 3 and 1 (red line). Right: evolution of the probability P[Zn > 0].
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Concluding remarks

Conclusions

For a branching process in varying environment with
generation-dependent immigration, we have studied its basic
properties such as its moments and its probability generating
functions.

We have determined a necessary and sufficient condition for the
almost sure extinction of a branching process in varying
environment with time-dependent immigration.

We have established the asymptotic distribution of a branching
process in varying environment with time-dependent immigration
once suitably normalized.
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Concluding remarks

Asymptotic distribution: the proof

We make use of the shape functions corresponding to the p.g.f.s of the
reproduction laws. The shape function of the p.g.f. fk , k ∈ N0, is the
function ϕk : [0, 1)→ R satisfying

1

1− fk(s)
=

1

mk(1− s)
+ ϕk(s), s ∈ [0, 1).

Lemma

Let i = 0, . . . , n be fixed. Under the assumptions of the Theorem,

sup
s∈[0,1]

∣∣∣∣∣
n∑

k=i

ϕk(fk,n(s))

µk−1
−

n∑
k=i

ϕk(1)

µk−1

∣∣∣∣∣ = o

(
n∑

k=i

ϕk(1)

µk−1

)
, as n→∞.
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Concluding remarks

Asymptotic distribution: the proof

Let us fix λ > 0 and for simplicity, let us denote sn = e−λ/an , n ∈ N.

E
[
e−Zn+1λ/an+1

]
= exp

{
−

n∑
i=0

αi (1− fi−1,n(sn+1))

+
1

2

n∑
i=0

(
h′′i (ξin)

hi (ξin)
− h′i (ξin)2

hi (ξin)2

)
(1− fi−1,n(sn+1))2

}
,

with fi−1,n(sn+1) < ξin < 1, i = 0, . . . , n, n ∈ N0.
The result yields by proving the following convergences:

n∑
i=0

αi (1− fi−1,n(sn+1))→ log(1 + λ)
2α
ν ,

n∑
i=0

(
h′′i (ξin)

hi (ξin)
− h′i (ξin)2

hi (ξin)2

)
(1− fi−1,n(sn+1))2 → 0.

Asymptotic distribution
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