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Probability model

Discrete-time stochastic model (non-overlapping generations).

There is an immigration process in each generation.

2 phases: {

@ The distributions that govern both phases depend on the generation.

Immigration phase.
Reproduction phase.
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Probability model

@ Discrete-time stochastic model (non-overlapping generations).
@ There is an immigration process in each generation.

Immigration phase.

@ 2 phases: { Reproduction phase.

@ The distributions that govern both phases depend on the generation.
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Probability model

@ Two independent families of independent Ny-valued r.v.s
{Xnj: neNg; jeN}and {/,: ne N}
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Probability model

@ Two independent families of independent Ny-valued r.v.s
{Xnj: neNg; jeN}and {/,: ne N}

@ For each n € Ny fixed, X,;, j € N, have distribution given by the p.g.f.
fa(s) = oo falKk]s* (offspring distribution of the n-th generation).
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Probability model
@ Two independent families of independent Ny-valued r.v.s
{Xnj: neNg; jeN}and {/,: ne N}

@ For each n € Ny fixed, X,;, j € N, have distribution given by the p.g.f.
fa(s) = oo falKk]s* (offspring distribution of the n-th generation).

@ For each n € Ny, /, has distribution defined by the p.g.f.

ha(s) = 2o halk]s¥, with h,(0) < 1, for n € Ng (immigration law
of the n-th generation).

EX:
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Probability model

@ Two independent families of independent Ny-valued r.v.s
{Xnj: neNg; jeN}and {/,: ne N}

@ For each n € Ny fixed, X,;, j € N, have distribution given by the p.g.f.
fa(s) = oo falKk]s* (offspring distribution of the n-th generation).

@ For each n € Ny, /, has distribution defined by the p.g.f.

ha(s) = 2o halk]s¥, with h,(0) < 1, for n € Ng (immigration law
of the n-th generation).

The process {Z,} nen, defined recursively as

Zn+In
ZO = 07 n—|—1 Z XnJ7 ne N07
j=1

is called branching process in varying environment v = {fy, f1, o, ...} with}:
generation-dependent immigration (BPVEI) and jnitial valye Zq =,0. =
A BPVE with inhomogeneous immigration
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On the BPVElIs

[4 K. V. Mitov and E. Omey (2014). A branching process with
immigration in varying environments. Communications in Statistics -
Theory and Methods, 43(24):5211-5225.

[3
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Probability model

o Offspring distribution: o Immigration law:
fin="fiy1o...0fh, —1,...,n anp = E[l],
m, = E[Xm), B2 = Var[l,],

02 = Var[Xn].
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Probability model

o Offspring distribution: o Immigration law:
fin="fiy1o...0fh, —1,...,n anp = E[l],
my = E[Xml, B2 = Varll,],

= Var[X,,l].
Proposition
For n € Ny,

E[52”+1] = Iil hi(f}fl,n(s))’ s € [0’ 1]

i=0

E[Zn+1] = Z Qp—j H mp—j.
i=0 j=0
i K
Var[Zn1] = Z B H mj + Z H (a; + Z Qi—k H mi—l) .
k=0 1=0

i=0 j=i+1
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Probability model
n=20
-
>

n=1

n=2

Zy=0, =1,

Z1 =2, h=2
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Probability model

n=20 n=1 n

A

{ZY kens

Zo=0, =1 Z1=2 hL=2 2Z2=7 h=1 Z3510:, «z2» «z»
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Probability model
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Probability model

n=20 n=1 n=2 n=3

®e— o >
(ZPY kens

Z0=0, lh=1 Z1=2 h=2 Z=7 h=1 Z3=10. EX
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Probability model

1 n=2 n=3

n=20 n=
% —_——

{ZIEO)}kENo

{Zlgl)}kENo
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2220 4 20+ 7Y
EX
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Probability model

Proposition
Let us consider:

e A family of independent r.v.s {X,E{) : k € No;i € N;j € No} such that

for each k € Ng and j € Ny fixed, X, i € N are distributed
according to the p.g.f. fiy;.

@ The independent processes {ZEJ )}keNo: j € Ny, defined as:

70

ZU) _

2y =1, k+1_ZXk: , k&N
Then

i:Z(J_)J, neN.
=0

EX
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Extinction problem

Extinction problem

o But 0 is not an absorbing state!

P[Zps1 > 0Zy = 0] = 1 — hn(£,(0)) > 0
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Extinction problem

Extinction problem

o But 0 is not an absorbing state!
P[Z,+1 > 0|Z, =0] =1 — h,(f,(0)) >0

. so why is the extinction problem interesting?
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Extinction problem

An example

1 1
P[/():O]:P[I;[:O]ZE, and P[/OZI]:P[/]_:].]:E,

1 1
P[I,,zO]:l—ﬁ, and P[I,,zl]:?7 n>2,
: 1, n=0,1,
X1 ~ P(mp),  with m, = { 1 %7 n>2
i EX:
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Extinction problem

An example
o
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Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Z, > 0].

EX
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Extinction problem

Extinction problem

Uﬂ{ZJ—O}

n=0j=n
Proposition
g=1 & nlﬁgo f1,(0)=1, and i(l ~ hi(£(0))) <
=0
o s <z oz EX:
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Example: g =1

1
P[I,,:O]:P[I,,:l]:i, n € Ny
1/2, n=0,1,
1—P[X,,1_O]_P[X,,1_1]_{ U n>2.
Oi() 10 20 30 40 50 gi()h 200 400 600 800 1000
Generations n

Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Z, > 0]. EX

< > o« > «E> <=

(@Yo N VIR (VATVARS A NI ELTITEY I A BPVE with inhomogeneous immigration Badajoz, April 2018 13 /24




Example: g < 1

1
P[In:O]:P[In:]']:§7 nENo,

1/2, n=0,1
1— P[Xp = 0] = P[Xpy = 1] = ’ o
1/n, n>2.
a,
3 |
o [S)
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s Ny
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Fig: Left: evolution of the number of individuals (black line) and immigrants (red line). Right:
evolution of the probability P[Z, > 0]. EX
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Asymptotic distribution

@ Let us also write
/(1) 1 n=—
— N — ? 9
Vn f1(1)’ n € No, Hn 17y mn, n € No.

EX

< [ | P A => 4=

(@Yo N VIR (VATVARS A NI ELTITEY I A BPVE with inhomogeneous immigration Badajoz, April 2018 15 / 24



Asymptotic distribution

@ Let us also write
f, (1) 1 n=-1
— N — ? 9
=y TR BT [Ty ma, n e N

@ The regularity assumption (Kersting (2017)): for every € > 0 there is
a constant ¢, < oo such that for all n € N,

E[Xawi Xt > ce(1+ E[Xm])] < E[XF: X > 2]. (1)
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Asymptotic distribution

@ Let us also write

U= f,;/(]_) neN _ 1a n= _17
") O AT 1y ma, 0N

@ The regularity assumption (Kersting (2017)): for every € > 0 there is
a constant ¢, < oo such that for all n € N,

E[XZ; Xo1 > (1 + E[Xm])] < E[XZ; X1 > 2]. (1)

nl:

@ BPVEs with inhomogeneous immigration and critical offspring
distributions according to the classification in Kersting (2017) for

BPVEs
n 1 n
Z Pk 45 and :°<Z Vk), as n—oo. (2);
o Mk-1 Hn o Mk-1 x|
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Asymptotic distribution

Theorem
Let {Z,}nen, be a BPVEI satisfying (1) and (2) and denote

n

_ Hn Vi
aI‘H-l_?Z’uk 17 n€N0~
k=0"""

Assume that

ev,—v>0anda, > a>0, asn— oo.

@ infuen, ha(0) > 0.

® sup,en, (1) < oo.
Then, the asymptotic distribution of Z,/a, is a Gamma distribution with
parameters 2« /v and 1.

EX
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Asymptotic behaviour

An example

Corollary

Let {Z,}nen, be a BPVEI satisfying the conditions of the previous
Theorem,
P[Z,>0]—1, asn— oc.

EX
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Asymptotic behaviour

Asymptotic distribution: an example

(1+s) n=0,1,2

hn(s) = { 1_p iy tyn s, n>3.
. 1, n=0,1,

Xn1 ~ P(mp),  with m,,:{ 17%’ n>02

vpo=1, néENp.

1n n k-1 —1
a”_2.1:1(1_j2) 3+ZH<1_”2) . n>2.

k=3 j=0

, asn-— oo
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Asymptotic behaviour

Asymptotic distribution: an example
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Fig: Left: Comparison of the histogram of Z,/a,, for n =100 and a pool of 10* BPVEIs, and
the density function of the corresponding gamma distribution, which in this case is gamma
distribution with parameters 3 and 1 (red line). Right: evolution of the probability P[Z, > 0].
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Concluding remarks

Conclusions

@ For a branching process in varying environment with
generation-dependent immigration, we have studied its basic
properties such as its moments and its probability generating

functions.
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Concluding remarks

Conclusions

@ For a branching process in varying environment with
generation-dependent immigration, we have studied its basic
properties such as its moments and its probability generating
functions.

@ We have determined a necessary and sufficient condition for the
almost sure extinction of a branching process in varying
environment with time-dependent immigration.
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Concluding remarks

Conclusions

@ For a branching process in varying environment with
generation-dependent immigration, we have studied its basic
properties such as its moments and its probability generating
functions.

@ We have determined a necessary and sufficient condition for the
almost sure extinction of a branching process in varying
environment with time-dependent immigration.

@ We have established the asymptotic distribution of a branching
process in varying environment with time-dependent immigration
once suitably normalized.
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Concluding remarks

Asymptotic distribution: the proof

We make use of the shape functions corresponding to the p.g.f.s of the
reproduction laws. The shape function of the p.g.f. fx, kK € Ny, is the
function ¢y : [0,1) — R satisfying

1 1
1—f(s)  m(l—s) ¢k(s), sel0,1).

Lemma
Let i =0,...,n be fixed. Under the assumptions of the Theorem,
fy 1)
sup ZW(“ 21 ZW( L asno oo
s€f0,1] |} =; k-1 Hk—1

EX:
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Asymptotic distribution: the proof

Let us fix A > 0 and for simplicity, let us denote s, = e_’\/a", neN.

E |:eiz"+1)\/a"+1:| - exp{ Zal f 1,n 5n+1))

5 (BT

with fi_1 p(Sp41) < &in <1, i=0,...,n, n € Np.
The result yields by proving the following convergences:

n

Z (1 = fio1n(sns1)) = log(1 +A) ¥,

i=0

n <h§/(fin) B h;(gin)2) (1- fl-_L,,(SnJrl))z —0.
0

hi(&in)  hi(&in)?

i=
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