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INTRODUCTION

INTRODUCTION

We present here :

1. Diffusion approximation of near critical Markov
branching processes (BGW, CTMBP). Especially,

- Feller-Jifina theorem Feller 1951,Jifina 1969

- Jagers theorem (1971) are revisited

2. Random Environment Continuous Time Markov
Branching processes

- Averaging

- Diffusion Approximation

by random evolution method.
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SOME LITERATURE ON DIFFUSION APPROXIMATION

Diffusion approximation
Feller (1951), Jifina (1969) : DA BGW
Jagers (1971) : DA CTMBP
- Aliev & Shurenkov (1983) : DA BGW
- Wei & Winnicki (1989) : DA with immigration
.. in Random Environment:
Keiding (1975): conjecture
Kurtz (1978): established

Boéinghoft & Hutzenthaler (2013): asympt.
survival proba

Dyakonova (2014): REBP
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BIENAYME-GALTON-WATSON BP (BGW)

Consider a BGW branching process in discrete-time

Zn—l
Lp = Z §n-14, n=>1, Zy=1 (1)
j=1

Denote by :

wi=E&, 1 and

02 := Var (gn—l,j)a

the common mean and variance of offspring, &,_1 ;, which are
i.i.d. random variables.

Diffusion Approximation of Branching Processe
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BGW PROCESS IN SERIES SCHEME

Define now the family of processes in series scheme, indexed by
the series parameter € > 0, say Z;, and define the processes

Yii=elpyy

for t > 0, € > 0. Let P be the transition operator of the MC
Z:, and the discrete operator Q° = P. — I.
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NEAR CRITICAL CASE: ASSUMPTIONS

C1: Offspring mean assumption: pu. =1+ ea+ o(e), as € | 0,
and a € R a constant;

(2: Offspring variance assumption: 02 = 2 + 0-(1), with
0<0? < oc0.

C3: Initial value assumption: Y7 converge to a point = € R, as

el 0.
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FELLER-JIRINA THEOREM

Let Conditions C2-C8 hold. Then Condition C1 is necessary
and sufficient that the following weak convergence holds

Y =Y, as €10,
where Y; is a diffusion process defined by the generator

2

Lo(z) = azy'(z) + 10 z¢” ()

2

with initial value Yo = x, and ¢ € CZ(R). Here ¢’ and " are
the first and second derivative of the function .
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MARKOV BRANCHING PROCESS — CONTINUOUS-TIME

Consider a CT Markov branching process

Zt

Zpis = &7 2)

i=1

where 52-(8) is the number of offspring of the i-th particle living
in time t. The particle lifetime follows an exponential
distribution with mean 1/A; A > 0.
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JAGERS THEOREM

Let us consider the family of processes Y := 5Zf/ 120,
€ > 0. Then we have the following result.
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JAGERS THEOREM

Let us consider the family of processes Y := 5Zt5/ 120,
€ > 0. Then we have the following result.

Theorem

Let Conditions C2-C8 hold. Then Condition C1 is necessary
and sufficient that the following weak convergence holds

Y =Y, as €0,

where Yy is a diffusion process defined by the generator

1
Lo(z) = adzy'(x) + 5)\021:90"(3:)

with initial value Yy = x, and ¢ € C3(R).
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SOME REMARKS

The following cases which provide also averaging results in both
discrete and continuous-time could be of some interest.

@ For any a € R* and « # 0, the above diffusions (Thl and
Th2) are transient. In the case where oo = 0 the Wiener
process is transient too.

o Let pe =y + e¥a + o(e¥). Then the drift of the limit
process is no null iff « €e R* and k =1. If a =0 and k£ > 2,
then the drift is null.

o With p # 1, and A. = e\, then the limit process is the
deterministic function y(t) = ze =17,

@ If in condition C2 becomes o2 = o.(1), then we get, for
both theorems, as limit process, Y;, the deterministic

function y(t) := ze®, with b = a (Thl), and b = Aa (Th2).
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CTMBP IN MARKOV RANDOM ENVIRONMENT

We present here two kind of results:

@ AVERAGE APPROXIMATION
BPRE = BP

@ DIFFUSION APPROXIMATION
BPRE = DIFUSSION
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RANDOM ENVIRONMENT

Let us consider a jump Markov process Xy, ¢ > 0, with state
space (F, ), generating operator @, i.e.,

Qul) = 4(z) /E Pz, dy)p(y) — o()] (3)

where ¢ is the intensity of jumps function, a measurable and
bounded function on compact sets.
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ASSUMPTIONS

R1: The Markov process X is uniformly ergodic, with ergodic
probability 7(B), B € £.

R2: In the above series scheme, for any fixed x € F, the r.v.
(), j > 1, are i.i.d. and are independent on {X; = x}.

R3: The law of the number of offspring depends on z € E, i.e.,
py(x) = P(E(z) = §) = P(€:(x) = ] | X, = 2), = € E.

R4: The mean value of &5(z), has the following representation:
pe(@) == 1+ ep(x) + 0x(€);

and the variance:

o2(x) := 0?(x) + 0,(e), x € E.

R5: The lifetime of the particles are exponentially distributed
with parameter depending on the state z of the X;, A\(z) > 0,
x € E, and such that [, 7(dz)\(z) < oco.
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AVERAGING

Here we consider the coupled process (Z;, X;/.)

Theorem

Under assumptions R1-R5, the following weak convergence holds
G =7 as €10,

where ZY is a Markov branching process with offspring
probability law p;,j > 0, and lifetime distibution an exponential
one with parameter \, where

)\::/Eﬂ(dx))\(a:), and  p;j ::/Eﬂ(dx))\(a:)pj(x)/)\.
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DIFFUSION APPROXIMATION

Here we consider the coupled process (Y = €25 Xy /e)

Theorem

Under assumptions R1-R5, the following weak convergence holds
Y = Y2, as €10,

where Y is a diffusion process defined by the generator
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SCHEME OF PROOFS

» STEP 1: DISCRETE GENERATOR CONVERGENCE The
discrete generator Lf := ¢~1(Q° can be written in
asymptotic form, for z € E. = eN, N:={0,1,2...} and
¢ € C3(R), as

Lop(a) = e 1) (2) g 02w e a2 (pe 171" (2) H6° ()
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STEP 2: TIGHTNESS

1: compact containment condition

lim sup IP’( sup |Y7| > c) =0, (4)
€20 0<e<eg  NOKEST

2: the inequality
E|YS —Y;|? <klt—s]

(Liptser (1994)).
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FOrR RANDOM ENVIRONMENT

The corresponding generator is:

Lf:=e1Q + A(z) + 6°(2)

where A(z) is the main part of BP operator and 6° a negligible

operator.
We solve the SPP (see Koroliuk & Limnios (2005)):

Lf¢®(u, x) := Lep(u) + ebi(z, u).

on test functions ¢ (u,x) = p(u) + ep1(u, x).
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CONCLUDING REMARKS

@ The proposed random evolution approach works well;

@ Many other cases in RE can be worked in a similar way:
REBP with immigration, in semi-Markov RE, More
implied results in RE case, etc.

@ Normal deviation results can be obtained.

@ Results for BPRW are also to be considered.

N. Limnios & E. Yarovaya Diffusion Approximation of Branching Processe



CONCLUDING REMARKS AND BIBLIOGRAPHY

REFERENCES

© Feller W. (1951). Diffusion Processes in genetics. — Proc.
Second Berkley Symp. Math. Statist. Prob., P. 227-246.
Univ. of California Press.

© Jirina M. (1969). On Feller’s branching diffusion processes,
Casopsis. Pést. Mat., vol. 94, P. 84-90.
© Jagers P. (1971). Diffusion Approximation of Branching

Processes, Annals Math. Statist., vol. 42, No 6,
P. 2074-2078.

N. Limnios & E. Yarovaya Diffusion Approximation of Branching Processe



CONCLUDING REMARKS AND BIBLIOGRAPHY

© Liptser R. S. (1994). The Bogolubov averaging principle
for semimartingales, Proceedings of the Steklov Institute of
Mathematics, Moscow no.4.

© Ethier S.N., Kurtz T.G. (1986). Markov Processes:
Characterization and convergence, J. Wiley & Sons, New
York.

© Koroliuk V.S., Limnios N. (2005). Stochastic Systems in
Mernging Phase Space, World Scientific, Singapore.

N. Limnios & E. Yarovaya Diffusion Approximation of Branching Processe



CONCLUDING REMARKS AND BIBLIOGRAPHY

© Athreya K. B. , Ney P. E. (1972) Branching processes. —
Springer, Berlin Heildelberg.

© Haccou P., Jagers P., Vatutin V. A. (2005). Branching
Processes. Variation, Growth, and Extinction of
Population, Cambridge University Press.

N. Limnios & E. Yarovaya Diffusion Approximation of Branching Processe



CONCLUDING REMARKS AND BIBLIOGRAPHY

© Dyakonova E. E. (2014). Branching process in a Markov
random environment Discrete Applied Mathematics, 24, no
6, pp 327-343.

© Boingoff, C. and Hutzenthaler, M. (2013, 2018). Branching
diffusion in random environment arXiv 1 107.2773v2.

N. Limnios & E. Yarovaya Diffusion Approximation of Branching Processe



CONCLUDING REMARKS AND BIBLIOGRAPHY

Thank you !
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