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Conclusions and references



Antibiotic-sensitive bacterial strain versus antibiotic-resistant bacterial strain
We link multi-type epidemic models to the deterministic model in Lipsitch et al. (2000) 
for the spread of two bacterial strains in a hospital ward.

Two bacterial strains spreading among patients are considered:

Strain 1: antibiotic-sensitive (AS) bacterial strain;

Strain 2: antibiotic-resistant (AR) bacterial strain.

The infection by one bacterial strain provides immunity against the other.

Patients are provided antibiotics 1 and 2:

Antibiotic 1 is only effective against the AS bacterial strain;

Antibiotic 2 is effective against both strains of bacteria.

𝑁𝑁 patients are accommodated in the hospital ward.
_________________________________________________________________________________________________________________________________________

M Lipsitch, CT Bergstrom & BR Levin (2000) “The epidemiology of antibiotic resistance 
in hospitals: paradoxes and prescriptions”, PNAS 97:1938-1943



For an infection rate 𝛽𝛽 = 1.0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑−1, the acquisition of resistance by bacteria can lead 
to some fitness cost 𝑐𝑐 ∈ (0,1), which is translated into rates 𝛽𝛽1 = 𝛽𝛽 and 𝛽𝛽2 = (1 − 𝑐𝑐)𝛽𝛽

Patients are admitted by and discharged from the hospital ward at a common rate 𝜇𝜇

Contributions of antibiotics 1 & 2 to the recovery of a patient at rates 𝜏𝜏1 and 𝜏𝜏2
Spontaneous clearance of AS and AR bacteria occurs at rate 𝛾𝛾

The model is designed to describe the transmission dynamics of any one of several 
species of bacteria that commonly reside in or on the skin, respiratory passages, or 
digestive tracts of humans: e.g., Staphylococcus spp., Enterococcus spp., Escherichia 
coli, Klebsiella pneumoniae, and Enterobacter.



A multi-type epidemic model as a LD-QBD process
In the terminology of epidemics, we deal with the 𝑺𝑺𝑰𝑰𝟏𝟏, 𝑰𝑰𝟐𝟐𝑹𝑹 epidemic model with

- type-1 infection (strain 1): antibiotic-sensitive (AS) bacterial strain;

- type-2 infection (strain 2): antibiotic-resistant (AR) bacterial strain.

S(𝑡𝑡): number of susceptible individuals                                                                                
𝐼𝐼1(𝑡𝑡): number of type-1 infected individuals
𝐼𝐼2(𝑡𝑡): number of type-2 infected individuals
𝑅𝑅 𝑡𝑡 : number of recovered individuals

For a population of 𝑁𝑁 individuals, we have 

𝑆𝑆 𝑡𝑡 + 𝐼𝐼1 𝑡𝑡 + 𝐼𝐼2 𝑡𝑡 + 𝑅𝑅(𝑡𝑡) = 𝑁𝑁

Defined from the rates:                                    , type-1 infectious rate,
, type-2 infectious rate,
, with 𝝁𝝁 = 𝟎𝟎, type-1 recovery rate,
, with 𝝁𝝁 = 𝟎𝟎, type-2 recovery rate.



Under exponential distributional assumptions, the 3-dimensional process

with                                      and                        , can be seen as an absorbing level-
dependent quasi-birth-and-death (LD-QBD) process on the set of states

provided that 𝐼𝐼1 0 = 𝐼𝐼2 0 = 1 and 𝑆𝑆 0 = 𝑁𝑁 − 2, where the ith level is given by

As a result, the infinitesimal generator has the structured form



From the non-null infinitesimal rates

and                                                                                              , sub-matrices 𝑻𝑻0 and 𝑻𝑻
are given by

where                                                            with 



The sub-matrices 𝑸𝑸𝑖𝑖,𝑖𝑖+1 have the structured form

where



The sub-matrices 𝑸𝑸𝑖𝑖,𝑖𝑖−1 have the structured form

with

where  



Global outbreaks
A global outbreak begins when the population initially consists of one type-1 infective, 
one type-2 infective and N-2 susceptible individuals (i.e. 𝐼𝐼1 0 = 𝐼𝐼2 0 = 1, 𝑆𝑆 0 = 𝑁𝑁 −
2 and 𝑅𝑅 0 = 0), the disease spreads from infectives to susceptible individuals, in such 
a way that new infectives try to infect other susceptibles and then recover…

The global outbreak is said to end when no infectives remain.

In terms of      , the process will reach states of level l(0), starting from the initial state 
X(0)=(2,1,0), and the epidemic will always die out. As a result, the random length of a 
global outbreak

follows a continuous phase-type (PH) random variable of order L’ and representation
where

The mass function                                                                                                          

of the final epidemic size is specified from 



The interest is in the joint distribution of                          , where

the maximum number of individuals simultaneously infected by the 
disease (regardless of the strain) during a global outbreak

the time to reach the maximum number            for the first time

We proceed in two steps:

First, we derive the marginal distribution of

Second, we determine the distribution of             on 



Marginal distribution of

For the initial state                                we determine the mass function

In terms of

where

For each fixed integer 𝑥𝑥 ∊ 2, … ,𝑁𝑁 , this probability is related to an absorbing LD-QBD 
process defined on the set of states

and with infinitesimal generator



where



𝑇𝑇 = 𝑇𝑇(𝑁𝑁)



The marginal distribution of            has a discrete contribution on                         :

=                         for x=2.

and a continuous contribution on                        :

For 𝑥𝑥 ∈ 3, … ,𝑁𝑁 , we define restricted Laplace-Stieltjes transforms

and we express

where                                      is the restricted Laplace-Stieltjes transform of the first-
passage time U(x) to states of level l(x) on the set 𝑋𝑋 𝑈𝑈 𝑥𝑥 = (𝑥𝑥, 𝑗𝑗, 𝑟𝑟) of sample 
paths, provided that 𝑋𝑋 0 = (2,1,0).



The Laplace-Stieltjes transform                            is obtained by solving the matrix 
equation

where b(x) consists of sub-vectors  

The sub-vector                                                          of moments

satisfies 





Under the assumption that X(0)=(2,1,0), the n-th moment of          is given by

since                contains the restricted moments 



Type-k outbreaks
A type-k outbreak begins when the population initially consists of one type-1 infective, 
one type-2 infective and N-2 susceptible individuals (i.e. 𝐼𝐼1 0 = 𝐼𝐼2 0 = 1, 𝑆𝑆 0 = 𝑁𝑁 −
2 and 𝑅𝑅 0 = 0), the disease spreads from infectives to susceptible individuals, in such 
a way that new infectives try to infect other susceptibles and then recover…

The type-k outbreak ends when no type-k infectives remain.

Random variables under consideration:

- The random length of a type-k outbreak

- The maximum number of individuals simultaneously infected by the type-k strain 
during a type-k outbreak

- The random time to reach the maximum number                 of type-k infectives



For the case k=2, we may use the LD-QBD process                                 with

instead of                                         .

It is seen that the joint distribution of                                 can be characterized by

(i) The conditional probabilities

(ii) The restricted Laplace-Stieltjes transforms

for integers 𝑥𝑥 ∈ 1, … ,𝑁𝑁 − 1 .



Getting back to the bacterial transmission model

A hospital ward with 𝑁𝑁 = 20 patients, and initial numbers 𝐼𝐼1, 𝐼𝐼2 = (1,1) of infectives. 

Fitness cost 𝑐𝑐 ∊ 0.25, 0.5, 0.75 .

Three scenarios: 𝜏𝜏2−1 = 10 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝜏𝜏2−1 = 15 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝜏𝜏2−1 = 20 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

For the common infection rate 𝛽𝛽 = 1.0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑−1, we assume the values

with 𝜇𝜇 = 0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, 𝜏𝜏1−1 = 5 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 and 𝛾𝛾−1 = 45 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑.

Global outbreak: 𝑇𝑇, 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚, 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑅𝑅(∞). 
Type-k outbreaks: 

- For the AR bacterial strain: 𝑇𝑇(𝐴𝐴𝐴𝐴), 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴𝐴𝐴), 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴𝐴𝐴) and 𝑅𝑅(𝑇𝑇(𝐴𝐴𝐴𝐴)).

- For the AS bacterial strain: 𝑇𝑇(𝐴𝐴𝐴𝐴), 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴𝐴𝐴), 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴𝐴𝐴) and 𝑅𝑅(𝑇𝑇(𝐴𝐴𝐴𝐴)).















Conclusions and references
The talk focuses on two issues concerning the SIR-model with two strains analyzed in

WS Kendall and IW Saunders, Epidemics in competition II: The general epidemic.
JR Statist Soc B, 45 (1983), 238-244

1. The derivation of the joint distribution of the random vector 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚, 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 , as well two
specialized versions 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑘𝑘), 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚(𝑘𝑘) for type-k outbreaks.

2. The use of absorbing LD-QBD processes allowing us to formulate the maximum
numbers 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 𝑘𝑘 as maximum levels visited by the process before its
absorption in level l(0), and the random times 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚(𝑘𝑘) as suitably defined
first-passage times.

The approach is motivated by the deterministic models in

M Lipsitch, CT Bergstrom & BR Levin (2000) “The epidemiology of antibiotic
resistance in hospitals: paradoxes and prescriptions”, PNAS 97:1938-1943
X Cen, Y Feng, Y Zheng, Y Zhao (2017) “Bifurcation analysis and global dynamics
of a mathematical model of antibiotic resistance ion hospitals. J Math Biol
75:1463-1485
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Thank you for your attention!

antonio.gomez@icmat.es
www.icmat.es/Antonio.gomez-corral
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