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As it is stated in Durrett, 2015:

“Metastasis, the spread of cancer to distant organs, is the most common
cause of death for cancer patients. It is very complex process: cell must
enter the blood stream (intravasation), survive the trip through the
circulatory system, leave the blood stream at its destination

(extravasation), and survive in an alien environment, e.g., cells from the

breast tissue living in bone.”




We have two main consequences from the biological nature of cancer:

we can have more than one type of metastasis in the human organism,
possibly after local elimination of the initial tumor followed by proper
medical treatment;

arriving in a completely different environment the cancerous cell may
change its characteristics concerning lifespan and division;

stemming from the multistage theory of cancer, our main idea in this

study is to introduce a novel multi-type decomposable branching process

model of a cell population, with n types of cells, n > 2.
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1 Main results

1 Main results

(1) the basic functional equations for the probability generating function (p.g.f.)

of the process itself and of both the number of mutations occurred up to time t
and the number of mutations to the escape type in the whole process,

(2) probabilities of ultimate extinction of the process and those of extinction
before given moment ¢,

(3) properties of the time until occurrence of the first “successful” mutant,
initiating a non—extincting Bellman— Harris branching process,

(4) Immediate risk of escaping extinction,

(5) an integral equation for the distribution of the event that jointly the first
“successful” mutant does not appear and no cells of types 1,2,3,...,n exist at
time ¢,

(6) numerical schemes for calculating the introduced integral equations,

(7) calculations, using the given numerical algorithms, in order to demonstrate

the behaviour of the new model under different setups.




2 Integral equations

2 Integral equations

2.1 Integral equations for p.g.f. of the process.

We denote p.g.f. of the multi-type BHBP under consideration, starting
with one cell of type 7, 0 <i < n, with:

Fi(t: 80, 81, 00y 80) = B(sZ WsZ' O sZ"0| 7i(0) = 1, 27 (0) = 0, j#0),

where [s,,| < 1,0 < m < n. Let us note that because of the inability of
the offspring of type 0 cells to change its type, it follows that

Fo(t: 50,51,y 80) = Folt; s0) = E(sZ P]2°(0) = 1, 29 (0) = 0, j£0).

Denote (f;,G;) is the p.g.f. of offspring and lifespan d.f. of a cell of type
i, 1 =0,...,n, u;; are mutation probabilities, Z;io u;; = 1 for each

izl,...,nand Uo():l.




2 Integral equations

1. For type O:

FO(ta 307317-~75n> FO(ta SO)

(1 — GO / fo FO t—y, SO))dGO( )

2. Fortypes1 < 1 < n:

Fi(t; 50,81, vy Sn) si(1— / filwioFo(t — y; s0)

+ Uz'lFl(t — Y3 80, S1y +-ey Sn) + ...
+ Ui P (t — Y3 80, 815 +ers $0)]dG; (y),

where F;(0;s0,51,---,8,) = S, 8| < 1,i=1,2,...,n
The proof follows by use of multynomial distridution and could be
seen in Vitanov and Slavtchova-Bojkova (2017, accepted).
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Integral equations

2.2 Number of occurred mutants
e “mutation” - whenever a daughter cell has a different type than the

mother cell;

e “‘mutant” - only when a daughter cell is of type 0 and has a mother

cell from any of the subcritical types;

e ‘“trivial mutant” - whenever a daughter cell with a subcritical type

has a mother with different subcritical type.

Let us denote by I;(t),1 < i < n the random variable (r.v.) being the
number of mutants that have so far occurred until moment ¢ in a
main model process, starting with a single cell of type i. The p.g.f. of
I;(t),1 <1 < n will be denoted by:

b (s) = B(s" ), [s| < 1.
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2 Integral equations

Let us denote by I;,1 < < n the r.v. being the number of mutants
that have occurred during the whole main model process, in a process
starting with a single cell of type 7. The p.g.f. of I;,1 <17 < n will be
denoted by:

hi (s) = E(s'),|s| < 1.

Using again the assumption of independence in cell reproduction, in
Vitanov and Slavtchova-Bojkova (2017, accepted) the following
integral equations are established:

hfz'(t)(s) — /fz U;0S
+ uzlhfl(t y) .+ Uinhg, (t— y)( $))dGi(y),

h[i (S) = fZ(UZOS -+ Uz’lhll (S) + ...+ umh[n (S))

11



3 Probabilities of extinction

3 Probabilities of extinction

We define the probabilities of extinction of the main model process
before fixed moment ¢, as follows:

= P[Z™(t) = 0,0 <m < n,tis fixed| Z°(0) = 1, Z7(0) = 0,
j#1i,0<i<n.
Again, we are able to identify a recurrent relationship between ¢;(t).

Theorem 2.1. The following integral equations hold:

Dolt) = /0 Folao(t — ))dGo(y).

Qi@) — /Ofi(uz'oqo(t—y)+ui1Q1(t—y)+...

+  Uingn(t —v))dG;(y),1 < i <n.
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3 Probabilities of extinction

In what follows we will establish the limit behaviour of the
probabilities ¢;(t),0 < i < n.

Considering the reasoning involved in the derivation of ¢;, it follows
that ¢; correspond to the probabilities of ultimate extinction of the
main model process. We can denote these probabilities as:

¢ = P[Z°t)=2"(t)=..=2Z"(t) =0 for some t > 0|
Z'(0) =1,27(0) = 0, j#i],0<i< n.

Now we are able to obtain relationships between p.g.f. f;(s) and g;,
0<17<n:

Firstly, from Jagers, p. 140, we immediately have qo = fo(qo).

13



3 Probabilities of extinction

Secondly, the probability of final extinction of a process starting with
a single cell of type 7, ¢;, 1 < i <n depends only on ¢y because type
0 cells are the only ones that are supercritical. If the process starts
with a single cell of type ¢, the number of mutants that occur during
the whole process is modeled through the r. v. I;. In order for the
main model process to become extinct, it is sufficient that with all
occurring mutants start processes which will die out. Using the total
probability argument and if denoting by r;, = P(I; = k) we obtain:

k=0

In addition, for s = ¢y we have

q;i = hr1,(q0) = fi(ui0q0 + wirhr, (qo) + ... + uinhr, (qo))-

14



4 Time until occurrence of a mutant, starting a non-extincting BHBP

4 Time until occurrence of a mutant,

starting a non-extincting BHBP

We introduce r.v. T}, denoting the time it takes for the occurrence of
the first mutant, initiating a non—extincting BHBP main model. Such
a mutant, leading to non—extincting processes, is called “successful”
and the fact that it starts such a process is often paraphrased as “the
process escaping extinction”. We define T; = oo as the event that no
successful mutant has occurred during the process. That way
T;€(0, ).

Note that the proofs for the case in which the process starts with a
single cell of type 7, 1 < i <n are analogous to those in
Slavtchova—Bojkova (2016, LNS, Springer), with the difference that
I;, I;(t), and g; have p.g.f. of rather different form.
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4 Time until occurrence of a mutant, starting a non-extincting BHBP

Theorem 3.1 Let the process starts with 1 cell of type i, 1 <i < n.

Then the distribution of r.v. T} has the following properties:
(i) P(T; > t|2*(0) = 1, Z™(0) = 0,m#4) = Qi,t = hr,(1)(q0),

(i1) P(T; = 00|Z*(0) = 1, 2™ (0) = 0,m#4) = ¢; = hr,(qo),
(i11) E(T;|T; < oo, Z(0) = 1,Z2™(0) = 0, m#1) =
1_1%./0 hr,(q0) — b, (qo)] dt.

16



4 Time until occurrence of a mutant, starting a non-extincting BHBP 17

If the process starts with k; particles of type i, 1 <7 < n, then the
distribution of r.v. T' has the following properties:

(iv) P(T; > t|Z1(0) = k;,1 < i < n) =
P (@0) X P72 (g0) X X BT 1 (q0),

(v) P(T; = oo|Zi(O) =k, 1 <i<n)= qlfl ><q§2><...><qu”
— h’;ll (qo)xh’;g (qo)x...xh‘;;; (o),

(vi) BE(T;|T; < 00, Z%(0) = k;, 1 <i<n)=

---Xqﬁ”/O [hlffll(t)(qo)Xhllfj(t)(qo)X'“Xh];:(t)(%) —
- hl[? (90) Xhl;j (QO)X'--XhI;: (qo)]dt.
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Immediate risk of escaping extinction

5 Immediate risk of escaping extinction

Another useful characteristic associated with the occurrence of successful mutants
in the main BHBP model is the probability of a “successful” mutant occurring
within a very small interval dt after moment t. More precisely, this probability will
be called “immediate risk of escaping extinction”.

If there are no subcritical cells left in the cell population, the probability of
occurrence of a “successful’ mutant is 0. Therefore we will investigate a
modification of the standard formulation of the hazard function. Let us define a
modified hazard function g;(t) for each subcritical type 1 < ¢ < n in the following
way:

g;(t)dt = P(T; € (t,t + dt]|T; > t, z”: Zj(t) > O,Zi(O) =1,2™(0) = 0, m#1).
j=1

In other words, we will consider the probability of a “successful’ mutant occurring
immediately after moment ¢, under the additional condition that at moment ¢ the
population has at least one cell from an arbitrary subcritical type.

18



5

Immediate risk of escaping extinction

From this definition we have:

P(Tye(t, t +dt]|Z"(0) = 1, Z™(0) = 0, m#i)
P(T; > t,5." ,Zi(t) > 0]Z(0) = 1, Z™(0) = 0, m#i)

gi(t)dt =

B P(Tie(t,t—kdt]\ZZ( )
Qi — P(Ty > 1,7 Zi(t) =

which can be rewritten as:

1,Z™(0) =0,m # 1)
"(0)=1,2m(0) =0,m # i)’

0|2

Fp (H2°(0) = 1,2™(0) = 0,m # i)

9i(t) = Qix— P(Ti > t,5.)_, Zi(t) = 0|Zi(0) = 1,Z™(0) = 0,m # i)

where FE) is the probability density function of T} and

P(T; > t|Z*(0) = 1, Z™(0) = 0,m#i) = Qi+ = hr,(1)(q0)

19



5

Immediate risk of escaping extinction

To simplify the notation, we introduce

Vie=P(Ti >, ZI(t) =0]2°(0) = 1,2™(0) = 0, m#0, ).
j=1

Theorem 4.1. The joint probability of the event that jointly the
first “successful’ mutant does not appear and no cells of types

1,2,3,...,n exist at time t satisfies the following integral equation:

t
Vit = / i (Uz‘OQO +uinVig—y +... + umVn,t—y) dGi(y),
0

fori=1,2,....n.

Theorem 4.2. There exist lim;_,, V;+ = V;, such that V; ; <V,
Vi>0,1 <1 < n.

20



6 Schemes for numerical calculations 21

6 Schemes for numerical calculations

6.1 Calculation of hy,4)(s), hy,(s) and the time
until the occurrence of a mutant, starting a
non—extincting main BHBP

We extend the algorithm provided in Slavtchova—Bojkova (CSDA,
2017) in the case of n + 1 types, provided the offspring of the cells
with indices i,1 < i < n can be of any type (including type 0), the
offspring of type 0 cells may be of type 0 only.

For every 1 < i < n we have:

hr,)(s) =1 —=Gi(t)

t
-+ / fz(uzos —+ uilhll(t_y) (S) + ... + Uinhln(t—y) (S))dGZ( )
0




6 Schemes for numerical calculations

Below we will assume that s is fixed. |I. Let t = 0. For every
1 <17 <n we have

hr)(s) =1—Gi(0) =1, hr)(s) =

Then we have: h]l(o)(S) = h[2(0)( ) = ... = hln(O)(S) — 1.
Il. Let ¢ = h. We approximate the integral

h
/ fi(wios + withr, (h—y)(8) + oo + Uinhp, (h—y)(5))dG;(y)
0

using the right rectangle rule:

hli(h) (S)%1 — Gz(h)
T fz(uzOS =+ Uilhfl(h_h)(8> + uiZhIg(h—h) (S) + ...+
+  winhr, (h—n)(8)) X (Gi(h) — G;(0)),

22



6 Schemes for numerical calculations

+ fi(uz’OS + Uz’lhll(o)(S) + UiQhIQ(O)(S) + ...+
+ winhr, 0)(s))xGy(h).

Now we have:

hi,m)(s)=1 — Gp(h) + fr(tnos + Unt + Up2 + ... + Upp) XGp (R}

23



6 Schemes for numerical calculations 24

I11. Let ¢ = 2h. Consider:

2h

fi(wios + usthr, 2n—y)(8) + . + Uin k1, (2n—y) (5))dG; (y)
0

h
= / fi(uios + Uilhll(Qh—y)(S) T ..t uinhln(Qh—y)(S))dGi(y) +
0

2h

+ fi(wios + usthr, 2n—y)(8) + oo + Uinhr, (2n—y) (5))dG;(y).
h

Again, we approximate the integrals through the right rectangle rule:

hi,con) (s)=1 — Gi(2h)

fiwios +ushp, () (8) + wichry (1) (8) + oo + winhr, (1) (5))
x(Gi(h) — G4(0))

fi(uios + ui1 + Uiz + ... + Uin ) X (G;(2h) — G;(h)).




6 Schemes for numerical calculations

6.2 Approximation of
P(T > t, Z?Zl Z3(t) = 0|2%(0) = 1, Z2™(0) = 0, m#£0, 1)

|. Let £t = 0. We have V; 0 =0,1 <17 < n.

Il. Let t = kh. For each 7, 1 <7 < n we have:

k
zkh%Z (wiogo+uit Vi, (k—j)n - FUin Vi, (k—j)n) X (Gi (jh) =G ((1—1)h)}-

25



6 Schemes for numerical calculations 26

6.3 Approximation of modified hazard functions
gi(t),1<i1<n

gww:z%”mz%mzauzmww:am¢w

Qi,t — Vi
|. Forward difference approximation: we discretize the [0, T| interval with
step h, i.e. we use points 0, h,2h, ..., Nh =T, (n + 1)h, thus yielding

Fr((k+ 1)h) — Fr(kh)
h

FWY (kh) = +O(h),k=0,1,...N.

II. Centered difference approximation: we discretize the [0,7T] interval with
step h, i.e. we use points 0, h, 2h, ..., Nh =T, (n + 1)h. thus yielding

Fr((k+1)h) — Fr((k—1)h)
2h

FWY (kh) =

+O0(h*),k=1,2,...,N.
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6.4 Examples —three setups

In this section we will present the results obtained from calculations done in three
setups. These setups differ from each other in the type of distributions used for
modeling the lifespan of the distinct cell types. In general, setup 1 considers
distributions which do not exhibit heavy—tails, i.e. their tails are not exponentially
bounded, setup 2 is the same as setup 1 except that a heavy—tailed distribution is
used for one of the subcritical types, and setup 3 considers only heavy—tailed
distributions. More precisely, we will restrain ourselves with the cases where we
model all cell types in setup 1 with exponential distributions, in setup 2 we will
change the distribution of type 1 cells from exponential to lognormal, and in setup
3 we will model all cell types with lognormal distributions. In our full research we
used numerous different combinations of exponential, truncated normal, gamma,
lognormal, Pareto, Weibull and Cauchy distributions, throughout cell types
0,1,...,n, all of those combinations yielded similar results as those stated below.




6 Schemes for numerical calculations

Comparison of ¢;(t) and q; for the first setup
fi(s) U;0 Uil - - lifespan distr.
Type 0 0.2sY +0.4552 + 0.35s% 1 Ezp(2)
Type 1 0.645% + 0.3652 0.05 0.7 . Exp(3)
Type 2 0.7s° +0.12s2 +0.18s* 0.1  0.07 . Exp(4.5)
Type 3 0.78sY + 0.22s% 0.01 0.07 . Ezp(6)

Our calculations are done with ¢ = 300 and h = 0.01.

== qi(t),q1(300)=0.9208
¢2(t),g2(300)=0.8463

== g3(t), q3(300)=0.9522 — qolt), go(300)=0.2233

T e ST ey
e ¥

50 100 150 200 250 300 100 150 200 250 300
t t




6 Schemes for numerical calculations

Comparison of g;(t) and g; for the second setup
fi(s) U0 Uq1
Type 0 0.2sY 4 0.45s2 4 0.35s%
Type 1 0.64s% + 0.3652 0.05
0.7s9 +0.12s% +0.185* 0.1
0.78sY 4+ 0.22s% 0.01

lifespan distr.
Ezp(2)
0.7 : LN(0.7,0.9)
Ezxp(4.5)
Ezp(6)

Probability

Probability

== (t),q1(300)=0.9208
qa2(t), g2(300)=0.8463 ]
= g3(t), g3(300)=0.9522 — qgolt), go(300)=0.2233

'."-r"'-"‘i_.ﬁ:--...___
-t..:'::-
F

"

T T T T T T
250 150 200 250 300
t




6 Schemes for numerical calculations

Probability

Comparison of g;(t) and g; for the third setup

fi(s)

lifespan distr,

Type O

0.2s% + 0.4552 4+ 0.35s%

LN(0.5,1)

Type 1

0.64s° + 0.365s2

0.05

0.7

LN(0.7,0.9)

Type 2

0.7s% +0.1252 4+ 0.18s%

0.1

0.07

LN(0.35,1.1

Type 3

0.78s% + 0.22s%

0.01

0.07

LN(2.5,0.2)

== qi(t),q1(300)=0.9208
q2(t), g2(300)=0.8463
= gs(t), g3(300)=0.9522

T
250

Probability

— qolt), gn(300)=0.2233

T
150
t

T T T
200 250 300

30



6 Schemes for numerical calculations

6.5 Comparison of hy,)(qo) and hr,(qo)

t = 300 and h = 0.01. The value of go is 0.2233 as was already calculated.

>
=
o
[1+]
o
o
pad
&

== fy,i0(q0), 1 i300)(g) =0.9208
hi, (e (qo), hi,r300)(qo) =0.8463
= higo). iz (go)=0.9522

T T T T
150 200 250 300
t

Behaviour of Az, +)(q0),7 =1,2,3 in setup 1.

31



6 Schemes for numerical calculations

L
-

|} Rl g
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=
=
S
m
o
o
s
o

==y 4{qo), hi300)(qo) =0.9208
b, (qa), Piaon) (go) =0.8463
=== hy{ga), P30 (ge)=0.9522

T T T T T
100 150 200 250 300
t

Behaviour of hr,+)(q0),7 =1,2,3 in setup 2.




6 Schemes for numerical calculations

N e e e o o e e o

=
=
S
m
o
o
s
o

==y 4{qo), hi300)(qo) =0.9208
b, (qa), Piaon) (go) =0.8463
=== hy{ga), P30 (ge)=0.9522

T T T T T
100 150 200 250 300
t

Behaviour of hr,+)(q0),7 =1,2,3 in setup 3.
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6 Schemes for numerical calculations

6.6 Comparison of the modified hazard functions g;(t)

h = 0.1 for setups 1-3 and we begin with setup 1, ¢ = 300.

== gi{f), g1(300)=0.0110475
g2(t), g2(300)=0.0110471
= gs(t), g3(300)=0.0110474

o [=]
o o
M P
o (5]

Probability

Behaviour of g;(t),i = 1,2, 3 in setup 1.

34



6 Schemes for numerical calculations

== g{t), g1(500)=0.0012088
g2(t), g2(500)=0.0013172
g3(t), g3(500)=0.0012695

=
=
T
1]
0
=]
pus
o

b ]

-~
"‘.1..—uu-.pa.-_-,'_:-_:--...___.
o -~ N,

R ~

L L

- -
h L ]
- R
-

n
-""‘-'-u-.::-."_ltg-

ail]

T T T
100 200 400 500

O |- -
-

Behaviour of g;(t),i = 1,2, 3 in setup 2.
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6 Schemes for numerical calculations

== g(t), g1(1000)=0.0008789
g2(t), g2(1000)=0.0008668
== g3(t), g3(1000)=0.000937

=
=
T
1]
0
=]
pus
o

1
]

n
Y
3

I"—-—---H".‘:."'c*

.
— &
T s s aenrassse—

T T T T T
0 200 400 600 800 1000

Behaviour of g;(t),i = 1,2, 3 in setup 3.
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7 Conclusions

Once again we state that the numerical results presented in the current
paper are a subset of all calculations we made using exponential, truncated
normal, gamma, lognormal, Pareto, Weibull and Cauchy distributions with
various values for their parameters.

We argue that modelling lifespan of cancer cell types with heavy—tailed
distributions is a perspective approach as it yields close to real world

behaviour for g;(t) without the need of inflating any of the parameters of

the distributions involved. However, one should be cautious with the
presence of oscillations when calculating for large t. Whether possible
oscillations are a result of a deficiency in our model and corresponding
numerical calculation scheme, or are a manifestation of a real-world

behavior of the cancer disease, is open for exploration.

Remark 2. We have used PYTHON 3.5.2. for implementing the numerical
methods.
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