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@ Single-type continuous state and continuous time branching
processes with immigration (CBI processes)
e as scaling limits of Galton—Watson processes with immigration

e parametrization
o classification

@ subcritical, critical, supercritical
e conditional least squares estimator (CLSE) of the branching and
immigration means
@ Multi-type CBI processes (MCBI processes)
@ parametrization
o classification

@ irreducible, reducible
@ subcritical, critical, supercritical

o limit theorem for a discretized irreducible and critical MCBI process
o two-type doubly symmetric CBI processes
@ CLSE of the branching and immigration means
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Galton—Watson branching process with immigration

GWI process:

Ck—1
Ck=Z§k,j+€k, ke N:={1,2,...},
j=1
(&> ek - k,j € N} independent rv's with values in Z, := {0,1,2,...
(& k,j € N} identically distributed
{ek : k € N} identically distributed
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Possible scaling limits: CBI processes

(Kawazu and Watanabe, 1971 TVP; Li, 2006 JAP)

vneN, let (C,("));(GZ+ be a GWI process, and v, € Ry4 with v, 1 oo.

Under certain conditions, (”7142”)!@1& 2, (Xt)ter, as n — oo,
where (X;)icr, is a conservative time-homogeneous Markov process
with state space R, and with infinitesimal generator

(ANG) = (bx-+ B () + oxt"() + [ [fx+ 2) = 0] e2)
+ x/oo [f(x +2) — f(x) — F(x)(1 A 2)] u(dz)
0
for f € C3(R.,R) and x € R,, where bc R, 8,cc Ry, and v, s

are Borel measures on (0,00) with [;(1 A z)v(dz) < co and
Jo (2 A 2%) p(dz) < oo.

The Markov process (Xi)«cr, is called a CBI process with parameter
vector (b,c, u, B, v).
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SDE of a single-type CBI process (Dawson and Li, 2006 AP)

If f1°° zv(dz) < oo then there is a pathwise unique non-negative
strong solution to SDE

t t
Xt:X0+/(bXs+,6)ds+/ 2¢cX; dWs
0 0

t 00 Xs— t 00
+/ / / zN(ds,dz,du)+/ / zM(ds,dz), teRy,
o Jo Jo 0o Jo

where
@ b:=b+ [["(z—1)p(dz),
@ (Wh)ier, is a standard Wiener process,

@ N and M are Poisson random measures on R3, and R2
with intensity measures dsp(dz)du and dsv(dz),

o N(ds,dz,du) := N(ds,dz,du) — ds p(dz) du,
@ (Wi)ter,, N and M are independent,
and the solution is a CBI process with parameter vector (b, c, i, 5, v).
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Expectation of a CBI(B, c, 11, 3,v) process if [~ zv(dz) < oo

~ ot
E(Xt|X0:x):eb’x+ﬁ/ el du, xeRy, teRy,
0
with 3 := 3+ [~ zv(dz).

Interpretation of eb : branching mean

e =E(Y;| Yo =1),

where (Yi)icr, isa CBI(b,c,u,0,0) process, which can be
considered as a pure branching process (without immigration).

—b can also be considered as the death rate J

Interpretation of B immigration mean

B=E(Z|Z=0),

where (Z)ier, isa CBI(0,0,0,3,v) process, which can be
considered as a pure immigration process (without branching).
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Asymptotics of the expectation if [~ zv(dz) < oo

o lim E(X;|Xo=x)= —% if b<0 (subcritical case);
—00

o lim t~E(X;|Xo = x) = B if b=0 (critical case);
—00

° tlim et E(X: | Xo =x)=x+ % if b>0 (supercritical case).

—00

@ Overbeck and Rydén (1997 ET): CBI(b, c,0,3,0) = CIR =
Cox—Ingersol-Ross stochastic volatility model; asymptotic
normality of CLSE of (b, ¢, 8) in the subcritical case

@ Huang, Ma and Zhu (2011 SPL): CBI(b, ¢, i, 3,v) process with
[ 22 1(dz) + [7° 22 v(dz) < oo; weighted CLSE of (b, 5) in the
subcritical, critical and supercritical cases

@ Li and Ma (2015 SPA): stable CIR model driven by a spectrally
positive a-stable process with index « € (1,2), which is a special
CBI(b,0, 11, 3,0) process with p(dz) = cz=*~'dz on (0,00);
CLSE and weighted CLSE of (b, 3) in the subcritical case
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Conditional least squares estimator (CLSE)
Martingale differences:

My = Xy — E(Xk |]:,i(_1) = X — oXk_1 — B, k € N,

where o := eP and B = Bf(; e du.
Autoregression with non-negative drift: Xy = oXx—1 + B+ My, keN.
CLSE of ¢ and (5 based on observations Xy, Xi,..., Xy :

On & _
[A ] = argmin Z(Xk — oXk_1— B)?
B (0,8)€R? k1

n n
X Xk—1— D X D Xk—1
| k=1 k=1

1 N

n n > | n noo, n n
ny. X2, — (Z Xk1> D0 X 20 X = 20 XXkt D0 Xt

n

bl

2
n n

provided that n >~ X2 , — <Z Xk1> > 0.
k=1 k=1
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We have

(0,8) = (ﬂ/o

hence the CLSE of (b, j3):

=: h(b. ).

(b, B) € R?,

(Eﬁnth@miy=owga /- ) new,
fo on)¢ds

provided o, > 0.
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Asymptotics of CLSE : b =0 (Barczy, Kdrmendi and P, 2014)
If Xo=0, [7°28u(dz) < oo, [°Z81(dz) <oo and >0 then

1

[n(@nE)] o, [ JVedMy - My [} Prdt
B.—B | JovRdt— (fy vedt)® [My g V2dt— [) Yrdt [§ VedM;
where (Vt)icr, is the pathwise unique strong solution of the SDE

dVy = Bdt+4/CY}dWy, teRy, Yp=0,

where C:=2c+ [;° 2% u(dz) and (Wi)ier. is a standard Wiener
process, and M; :=Y; — Gt, t € Ry.

If, in addition, ¢ =0 and p =0 (hence the process is a pure
immigration process), then

/26y~ B)| L |[¥B2 8]
[n1/2(§n5) — No (0,/0 72 (dz)[ i 21] )

We have C = Var(Y;|Yy=1), where (Yi)icr, is a pure branching
process CBI(B,c,,0,0), hence C is the branching variance.
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Multi-type CBI process with parameter (d, B, ¢, u, 3, v)

Conservative time-homogeneous Markov process (X;)icr, Wwith state
space RY and with infinitesimal generator

(Af)(x) = (B + Bx, F(x)) + Zc,x, " (X) + / [f(x + z) — f(x)] v(dz)
Ug

+Zx,/ f(x +2) — f(x) — £ (x)(1 A 2)] pi(d2)

for f € C2(RY,R) and x € RY, where BeR?f)d, B,ceRY, v isa

Borel measure on Uq := R? \ {0} satisfying [, (1A [z])v(d2) < oo,
w=(p1,...,0q), Where, foreach i {1,...,d}, p; is aBorel
measure on Uy satisfying

I

Uzl Alzy+ > /\z,-)] 1i(dz) < oo.
Je{tmd M\ {i}
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SDE of a MCBI process (Barczy, Li and P, 2015 ALEA)

If J,, 1zl »(dz) < oo then there is a unique non-negative strong
solution to SDE

t d t
xt=x0+/(Bxs+ﬁ)ds+Ze,-/o J2eXS aws,
// / Nj(ds, dz, du)+// zM(ds,dz), teR,,
Uy Uy
where

e B = (bi,j)i,je{1 .d} € R(+) , b,"j = b,'J + fud(z,- — 5,"/')+ ,uj(dZ),
@ (Wi)icr, is a d-dimensional standard Wiener process,
@ Ny, ..., Ny and M are Poisson random measures on

Ryt xUg x Ryy and Ry x Uy with intensity measures

ds pj(dz)du and dsv(dz),
o Nj(ds,dz,du) := N(ds,dz,du) — dsp(dz)du, je {1,...,d},
@ (Wi)er,, Nq, ..., Ny and M are independent,

and the solution is a CBI process with parameter (d, B, ¢, u, 3, v).
12/36
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Expectation of an MCBI(d, B, ¢, 1, 3,) process

_ t
]E(Xt\onx):e’Ber/ e'Badu, xcRY, teRy,
0

with 3:= 8+ Ju, 2v(d2).

Interpretation of e® : branching mean matrix

Pe—E(Y;|Yo=e), je{l....d},

where (Y¢)ier, isan MCBI(d, B, c, it,0,0) process, which can be
considered as a pure branching process (without immigration).

i

Interpretation of 3 : immigration mean vector
B=E(Z1]|Zy=0),

where (Z¢)icr, isan MCBI(d,0,0,0,3,v) process, which can be
considered as a pure immigration process (without branching).
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Irreducibility of a matrix A € R9x9

A matrix A € R9%9 s called reducible if there exist a permutation
matrix P € R9%9 and an integer r with 1 <r < d —1 such that
A A

0 Asl’

where A; € R™*", Az e R(@-Nx(d-1) A, e RN and
0 € R(@-N*" s g null matrix. A matrix A € R9*9 is called irreducible if
it is not reducible. (Hence 1-by-1 matrices are irreducible.)

PTAP = [

v
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eB c R forall teR,. J

The following statements are equivalent:

@ 3ty e Ry :=(0,00) with 0B ¢ RIX;

o Vte Ry, wehave ef ¢ RIXY;

@ ¢B isirreducible;
@ B is irreducible.

v

Irreducibility

Let (Xt)ter, bean MCBI(d,B,c,u,3,v). Then (Xi)ier, is called
irreducible if B is irreducible.
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For a matrix A € R9<9 put

o(A) := set of the eigenvalues of A,

r(A) := max |\ (spectral radius of A),
Aeo(A)

s(A) ;== max Re(\) = log r(e?)

by spectral mapping theorem).
\max (by sp pping )

Asymptotics of the expectation
@ lim E(Xt|X0 =
t—o0

X)=-B 'B if s(B) <0 (subcritical case);
o lim t~'E(X;|Xo = x) = ng if s(B)=0 (critical case);
—00
o lim e=SBYE(X;|Xo=x)=Nx+-LN3 if s(B)>0
t—00 s(B)
(supercritical case),

with M:=tu’ € RY?, where & and u are the right and left Perron
eigenvectors of B, corresponding to the eigenvalue s(B)
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@ Xu (2014): special irreducible and subcritical MCBI(2, B, ¢, 0, 3,0)
diffusion processes; asymptotic normality of CLS and weighted
CLS estimators of (B, ¢, 3)

Limit theorem for a discretized irreducible and critical multi-type

CBI process (Barczy and P, 2014)

Let (X¢)tcr, be an irreducible and critical MCBI(d, B, ¢, i1, 3,v)
process with some moment conditions. Then

_ D ~
(Xgn))teﬂh = (7" X ot )ter. — (X0)ter, = (Xill)ser,

as n— oo, where (&Xi)ier, is the unique strong solution of the SDE

dX; = (u,B)dt + \/ (Cu, )X AW, teR,, Xy =0,
where (Wi)icr, is a standard Wiener process and
C:=Var(Yq| Yy = ) € RI*,
where (Y¢)wer, isan MCBI(d, B, c, ,0,0) (pure branching) process.
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Doubly symmetric CBI process

B = [Z ﬂ with some vy € R and « € Ry.

—~ : death rate of both types
k : transformation rate of one type to the other type
B is irreducible if and only if x> 0
Eigenvalues of B are s:= ~ + k (criticality parameter) and ~ — x,
afil e [
2 |1)” 1] —1

B is critical if and only if s=0
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Barczy, Kérmendi, Pap (Debrecen, Szeged)

Conditional least squares estimator (CLSE)
Martingale differences:

M ::Xk—E(Xk|.7:,i(f1):Xk—eBXk,1—B, k € N,

with 3 = f01 eYBBdu. Autoregression with non-negative drift:

Xk:eEXk,ﬁ—ﬁ%—Mk, k € N,

where
B cosh(x) sinh(k)
e® =¢" .
sinh(k) cosh(k)
Putting
0 = e’[cosh(k) + sinh(k)] = 7" = e°,
d :=e7[cosh(k) — sinh(k)] =",
we have

Xk 1|:Q+5 9_5

=3 0— 0 Q+5]Xk_1+Mk+,3, k € N.
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CLSE of (o,6,3) based on observations Xg, X1,..., X, can be
obtained by minimization of

n
Z Xk—l o0+0 o0—9
pa 2lo—90 o+46

2

] X1 -8

with respect to (o,d,3) over R*, and it has the form
/.Q\ _ n22:1 <U, Xk><u7 Xk—1> B 22:1 <U, Xk> 22:1 <U, Xk—1>
n= 2
”22:1 <U, Xk—1 >2 - (2221 (U, Xk—1 >)

5, = N3 kq (Ve Xi) (v, Xi—1) — SR 4 (V. Xi) Dok 4 (V. Xk—1)
YR (V. Xk1)2 = (SR (V. Xio))®
S 1Ny [ Xeer) (v X)) [2n
Bn N HI;XK ZHE [<U,Xk_1> —<V, Xk_1>:| [5n:|
provided that n>>7_ (u, Xk_1)2 — (X0_, (u, Xx_1))> > 0 and
N p_ (V. X1 (w))2 = (Xp—y (v, Xk_1))* > 0.

9

)
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CLSE of (v,x,8) and s

We have

1 = ~ ~
@68 = (e ([ us)B).  GoeByext
0
hence the CLSE of v, x and 3:

= 1 a1 o 1 = 1=
(An, &ny Bp) = | = log(ondn), = log gn , / e$Brds) B,|, neN,
2 2 5n 0
provided that g, >0 and 4, > 0, where
1 = -1 o
([eBas) =1 o | T
0 2 [l@sas ! 17 2[1(G)sas -1 1

In a similar way, we have o = e®, hence the CLSE of s is

Sp = log(on)

provided that g, > 0.
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Asymptotics of CLSE: s=~v+x=0 and x> 0,

irreducible and critical (Barczy, Kormendi and P, 2015 JMVA)

If Xo=0, [, [1z|®p1(dz) < oo, f, [12]® 11(d2) < oo,

S lz|8 v(dz) < 0o and B # 0, then

1 1

~ d(M M;o) — (M M dt

n(Sn—S)i)fo yt ( t71—i_1 172) ( 11,1+2 1,2)f0 yi _
fo ytzdt_ (fo ytdt)

where (My)icr, = (M1, Mi2)icr, is the pathwise unique strong

solution of the SDE
~ = ~1/2

AM; = (My1 + Mep+ (Br + By 2 €2 awy,  ter,,

with initial value Mg = 0, where (W))icr, is a 2-dimensional
standard Wiener process, and

V= M1+ Mz + (81 + Bt teR,.
If ¢=0 and p =0, then

m/2(5, — ) REN N(o’ (51_1’_2&2)2/” (21 + 22)? y(dZ)).

7,
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If el + X724 fy,, (21 — 22)? pi(d2z) > 0, then

n'/2(5p—7) 1/l o 2o [ 11}

n'/2(7—r)| 2, (F 1 Jo et

= L ] 1

e 1 1
Bn—B 2\ 4 1]4'1—&7%[_1 1]>M1_;Zfo1yfdt[1]

as n— oo, where (Wt),@h is a standard Wiener process,
independent from (Wh)cr, .

h;] el + 32 Jy, (21 — 22)? pi(d2) = 0 and [y, (21 — 2,)? v(d2) > O,
then
n'2(5n — ) 1/e2) — 1w, [ 11}
n'2(Fn—r)| 2 1l
B,— B %(M1,1+M1,2—If01 Yy dt) [1]

where VN\A is a random variable with standard normal distribution,
independent from (Wh)icr, .
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If ¢=0, pn=0 and [, (z — 22)*v(dz) > 0, then

n'2(Fn — ) R R
02 — ) ﬂu\a(o,[‘»‘ L?D as 1 oo,

= R>1 R,
n1 /2(Bn - ﬂ)
with
) (o= B — 1)
Rii="—F D  Rpy=- = D,

1 1
R>> ;:/ (21 + 22)? v(d2) 1 ” +2/ (22 — 28) v(d2) 0 _OJ
Z/{Q Z/{Z

(- 62(7—*6)) K—r (51 - 52)2
+ 4 2(1 —er=r)?2 /Mg (21 = 22)° v(dz) + (k — 7)2e2(v=r)

and R;,:=Rj;, where D:= [_11 _11]

}D,
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Sketch of proof

This result follows from the following theorem by the continuous
mapping theorem and by Slutsky’s lemma.

Under the above assumptions,

n(@n — 0) = Z.
If ¢=0 and p =0, then

-~ D 12
n*/2(@n—0) — N (0, m u2(21 + 25)? Z/(dZ)> .

Barczy, Kérmendi, Pap (Debrecen, Szeged)

Badajoz 2015 25/36



It Jlel|? + 322 (21 — 22)? pi(d2) > 0, then

7z
n(on — o) 1y W
£ /752 Jo VedWi
n'2(6n—0)| 2 1= e
Br—B My — 1T [ Vet M

where (Wt)teﬂh is a standard Wiener process, independent from
(Wh)ter, -

If ||c||2 + 2?21 fu2(21 = 22)2 wi(dz) =0 and fu2(21 = 22)2 v(dz) > 0,
then

n(on — o) szv

nt/ (gn_(s) 2} V1 —62Wy
=~ _ 1
Bn—DB 3(Mig+ Mo =T [7 Vedt) H
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If €¢=0, p=0 and [, (21 — 22)?v(dz) > 0, then

n3/2(§n —0)
n'/2(3, - 6) | 25 N4 (0,S),
n1/2(:§n - B)

with

0 0
0 f, IAG (e'Bz)(e'B2)Tv(dz) dt
-
3 t_e| [=2-ey
I = Zy+ 2z dz +B B1+6
2 mearanl ] 7

B
(=) (=)
B1—B: B1—B .
~ 2oy 21)"” 2!05(621)"]
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Decomposition of Xy

We have Xy = Ugll + Vv with v =} [_11} and

U = <u>Xk>’ Vi = <V7Xk>? k € L.
Observe Uk € Ry and
Uk = oUx_1 + o(u, B) + (u, My), Vie = Vit +5(v, B) + (v, My),
forall k € Z, with §:= f) ¢°ds and ¢ := [, §%ds, and
R (U M) Ui g — 3y (U, M) Sy Uk
Qn - Q - n 2 n 2 ’
N3 k=1 U1 = (3k=1 Uk—1)

5_”Zk 1 (v, Mi) Vit — 3k (v, Mk)Zk 1 Vi1
N3 k=1 Vi — (Zket Vi 1)

3 —B:1iM _lz U1 Vit | [on—o
n n k 2nk:1 Uk—1) =Vt |60 =6

on

Y

Barczy, Kérmendi, Pap (Debrecen, Szeged) Badajoz 2015 28/ 36



The above theorem follows from the following convergences by the
continuous mapping theorem and by Slutsky’s lemma.

Under the above assumptions, we have

n
_ P
n32y Viiy —0 as n— oo,

k=1
r n=2Uj_1 T _ f01 Jedl _
| s S
S| s | 2| (- Cvy)
2 . 1M, M,
n_s/éu, ﬂ:;)U‘/;q f01 Vrd(u, M)
LN~/ (v, M) Vi1 (1 - 52)*1/2(5v, v) f01 ythNVt_

In case of <5v, v) = 0 the third and sixth coordinates of the limit
vector in the second convergence is 0, thus other scaling factors

should be chosen for these coordinates, described in the following
theorem.
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If (Cv,v)=0, then

n
n! Z Vi 1 A {00 as n— oo,
k=1

1-96

n 2 2\2

—1 2 P <V0Va V> (6) <V7 /3>
o =M
T Ve = e e M

_ n_2Uk,1 T fq1 y;dt
n3U2_, Jo Vi dt
S| My oo M)
| n~2(u, My) U+ Jo Ved{u, My) o )
n=1/2(v, My) 1 Xvp) o
|2 (v, M) V1] (Vov,v)/2 lls“(v,@ 1,\_45 ] Wi
-5 i

where VNV1 is a 2-dimensional random vector with standard normal
distribution, independent from (W})icr,, and

VO = Var(X1 ’Xo = 0)
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If <5u, u) =0, then
n

(u, B)
5

n="/2(u, My)
n=3/2(u, M) Uy_
n_1/2<V, Mk>

n

k=1
n=1/2(v, M) Vic_
with
uT v1/2 1/2
= VT v1/2 1/2
,ﬁ VTV1/2 62 ,,6 VT 1/2
o] [01"
(v Vov)? 0] |0
1 — 52 0| [0
1 1
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n
-3 2
nS3y U —
k=1

P

D

— N4 (07 z)

T

<u7 /5>2UT VOU

12

(u,B)

3 )

0
1
0
0
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The second convergence follows from

Lnt] - ' My
k=1 teR. n3/2 My Vi

where the process (Z¢)icr, with valuesin (R2) is the unique strong
solution of the SDE
Wi

d
dZ;=~(t, 2 .
t 7( t) [dW

]7 te]RJrv ZOZOa
t

where (Wh)ier, and (Wt)teR+ are independent 2-dimensional
standard Wiener processes, and

(u, x; + tB))/2C"" 0
(6, %) = | ((u,x1 + 18)H)%2E 2 0
C 1/2 ~1/2
0 E1CX25‘2,;1/2<U7 X1+ t,@)C

for t € R, and x = (xy, X2, X3) € (R?)3,
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From a semimartingale limit theorem of Jacod and Shiryaev (2003) :

A martingale limit theorem (Ispany and P, 2010 AMH)

Let v: Ry x RY — RI*" be a continuous function. Assume that
uniqueness in the sense of probability law holds for the SDE

dZ; =~(t, Z)dW;,  teRy,
with initial value Zq = zo for all zg € RY, where (Wi)icr, is an
r-dimensional standard Wiener process. Let (Z¢):cr, be a solution
with initial value 2, =0. Foreach neN, let (Z\”) ey bea
sequence of martingale differences in RY with respect to a filtration
(FM)ez, . Let 20 .= 1" 2D for t e R,. Suppose

Q@ sup ZVar(z(k”’\fﬂ)— JEy(s, 20 (s, 2{")Tas| 2 o,

te[0, T k=1

CLE (n)\ P
o k; E(IZ”| L1250} | Fey) — 0 forall 6> 0.

forall T>0, Then (2\)iex, -2 (Z1)ter. -
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