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‘ Summary

= We use general form stochastic differential equations (SDE)
models of population growth in a randomly varying environment.

= SO0, we obtain properties concerning existence of a stationary
density and extinction behavior, that are model robust. This is
nice, since the “true” model is unknown.

= However, when applying to data, we often use, as an
approximation of the “true” model, classical specific simple
models, like the logistic or the Gompertz SDE models, and use
them to make predictions.

= Can we trust predictions based on the classical (simpler but
approximate) models within a certain degree of accuracy?

= We study the effect of the gap between the approximate and the
"true" model, on model predictions, particularly on asymptotic
behavior and mean and variance of the population time to

extinction.
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Deterministic population growth models

X(t) Population size attimet> 0

1 dX(t) _ _ :
XO =f(X(t)) X(0)=x >0 Iisknown

f(X) (per capita) growth rate (when population size is X)
F(X)=f(X) X total growth rate

Examples
Malthusian f(X) =r not realistic
Logistic f(X) =r (1-X/K)
Gompertz f(X) = r In (K/X)

I intrinsic growth parameter
K carrying capacity of the environment
(deterministic equilibrium)
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Randomly fluctuating environment

Effect of environmental random fluctuations on the growth rate

Add noise to the growth rate £(t) standard white noise
autonomous Stochastic Differential Eq. (SDE)

Example: logistic model

Example: Gompertz model

1 dX(t K
(t) =rin—+ gg(t) =1 (X) + g&(t)

X(t) dt X
But, in the “true” model, f(X) may have a different form and the noise intensity may
not be a constant g but rather a density-dependent function o(X).

Since we aim at model robust properties, instead of considering specific models we
will now consider a general model in which f(X) and o(X) are arbitrary functions
satisfying only biologically determined assumptions and mild technical assumptions.
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Application ot Gompertz additive noise model
to Gause’s 1934 data on Paramecia candatum

1 dX(t K :
(S) ():rln—+a£(t) with r >0, K >0,0>0,X(0)=x >0
X(t) dt X
80
- - Gompertz witho=0

™ —s— Observed
E 60
a Approx. 95% conf.intervals (ML)
E 40 r 0.49x0.15per day
'§ K 58.2+23.2 individuals per cm?®
S 20 o2 0.137+ 0.096 per day
o Bootstrap canbe used

Prediction of future pop. sizes possible
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General SDE model

1 dX(t)
X(t) dt

(S) = f(X(t)) + o(X)&(t) X(0)=x >0 known

(S) dX(t) = F(X(t)) dt +V (X (1)) dW ()

W (t) = j(t) £(t) dt isthe standard Wiener process

f(X) geometric average growth rate
F(X)=f(X)X total “average” growth rate
o(X) >0 noise intensity

V(X)=a(X)X total noise intensity
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General growth model
Assumptions on f([) : (0,+o0) > (—00,+c0)
 continuously differentiable strictly decreasing
e the limit f(0"):= limy | of(X) #0 (may be infinite)

e f(+0) <O

*F(0*) =0

Assumptions on 0([) : (0,+00) = (0,+00)

« strictly positive twice continuously differentiable

« V(0%=0, where V(X)=0 (X)X

(A) IJ:U(X)X dx = +oo for some x.>0;
ro 1
B) §. e dx =+  for some y.>0.

(C) |o(X)/f(X) is bounded in a right neighborhood of 0.
(D) \U(X)/f(X)\ is bounded in a neighborhood of +co.
If noise intensity is bounded, it satisfies (A), (B), (C) and (D).
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 General orowth model

The solution exists and is unique up to an explosio n time

The solution is a homogeneous diffusion process wit h

Diffusion coefficient

b(x) =V () = g2(X)X?

Drift coefficient

a(x) = F(X)x + % db(x)

DE EVORA
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 General orowth model

S) Z= () + oX)e)X

Scale density

s(X):= exp(— _[):( 2&(:)) dﬁj = \\;(();3 exp{— 2 zVFZ((eg)) d@J (X« >0 arbitrary)

Scale function S(X) = s(z)dz (x.. >0 arbitrary)

Speed density

m(X) = 1 = 1 exp| 2 X F(O) dé
s(X)b(X)  V(x«)V(X) X \/2(4)

Speed function  M(X)=[" m(z)dz (x. >0 arbitrary)
O<a<x<b<+oo

=
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‘ General growth model

S) Z= () + oX)e)X

Boundary X=0 is non-attractive
iIf there is a right-neighborhood R=]0,y[ of zero such that, for any O<x<nlR,

PIT,+ <Tp|X(0) = x|=0

T, - first passage time by z Tor =lim, T2

Necessary and sufficient condition S(0") = -
This implies (Karlin and Taylor 1981) non-extinction a.s.

Similarly, the boundary X = +0 IS non-attractiveness iff S(+w) =+

With our assumptions we prove that:

The boundary X =+ is non-attractive (which implies non-explosion, i.e.,
existence and uniqueness of the solution for all times).

The boundary X =0 is attractive if f(0*) <0 and non-attractive if f(0*) > 0.
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 General orowth model

When both boundaries are non-attractive and
M(0,+00) = |3 m(z)dz < +oo,

the process is ergodic and there is a stationary density given by

p() =) (g < x < 40o),
M(0,+c0)
With our assumptions, we prove that happens when f(0*)>0.

CONCLUSIONS:
= When f(0*) <0, “mathematical” extinction occurs a.s.

= When f(0*) > 0, there is a zero probability of “mathematical” extinction
and there is a stationary density

(the mode of which approximately coincides with the deterministic
equilibrium when the noise intensity is small).
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‘ Realistic extinction

When f(0*) > 0, there is a zero probability of “mathematical” extinction

What about a population of 0.4 individuals? What about Allee effects?

Set extinction threshold a>0. We assume a<x.
“Realistic” extinction occurs if ever X(t) reaches the threshold.
The extinction time is the first passage time T, =inf{t >0: X(t) =a}

Population size

X(t)

mn.m’\(‘ﬁ/\f\v
I

Time t

Since the process is ergodic,

it will (sooner or later) with
probability 1 reach the extinction
threshold a. So, with this general
density-dependent model,
extinction always occurs w.p. 1.
The distribution of the extinction
time can be obtained
(Braumann 1985, Carlos and
Braumann 2005,2006).
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Approximate and “true” models
We always use Stratonovich calculus and drop the “(S)”
SDE approximate models:

Autonomous stochastic differential equation (SDE)

%dﬁf) SfX)+oe) o dX(t) = X(t) (FX()dt+odW (1))
with Logistic f(x)=r (1 -x/K) with r>0, >0, K>0
or Gompertz  f(x) =r In (K/xX)  with r>0, >0, K>0

SDE “true” models
dX(t) = X (f(X)dt +o(X) dW (t))

f(x) =r (1 -x/K)+a(x) and ax) = o f(x) =r (1 -x/K) and o(x) = g+ a(x)
or or

f(x)=r In (K/X) + a(x) and o(x) = o f(x)=r In(K/xX) and o(x) = g+ a(x)

a is a C! functions.t. |a(X)|/r<éd a is a C? function s.t. |a(xX)|/ o<
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‘ Model behavior

With the assumption f(0*) > 0, we have the same qualitative
properties for both the “true” model and the approximate
logistic or Gompertz SDE models (in this case, f(0*) >0 is
iInsured with r >0), namely:

= The state space has boundaries X=0 and X=+<,
= On can see that X=0 and X=+< are non-attracting.

= “Mathematical” extinction has zero probability of occurring.
“Realistic” extinction will, however, occur with probability one.

= Explosions can not occur and the solution exists and is unique
for all t>0.

= There exis+ts a stationary density p(y), because
M= jo M(z)dz < +o,
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‘ First passage times
= Let a<x<b.

= The first passage time of the population size X(t) by a us
denote by T, . Similarly define T, .

Ta:inf{t>0: )((t):a} Tb :inf{t >0: X(t):b}
Tap =min(Ty, Tp)

= The probability of X(t) to reach a before reaching b is

S(x,b)
S(a,b)

u(x) = P[Ta <Tp|X(0) = x] =
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‘ Time to extinction

U (x) = E[Tp) X (0) = x| k- thorder moment

Diffus t D - LN g
ITTuUSIon operator dx 2 dX 2 dM(x) dS(x)

D Uy (x) +kUp4(x) =0

1 d (dUg(x)
2dM(x)| dS(x)

J +kUy_1(x) =0
U@ =U()=0 (k=12..) Uy(x )=1
Ui (%) = 2u(x) | S(£b) KUy 1(MEAE + 2L u(x) [ 'S(a. &) kU 1(Om(E)dE
Since boundaries are unattainable, if we let bt +oo, we obtain as limit of U,(x)

V, (%) =E|T,}|x (0) = x|=2 [ s(f)( [ K0 m(e)dejdf
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‘ Time to extinction

For k=1
E[Ta\X(O) = x| =Vy(a) = 2 j:s(f)( j;‘” m(&)d ejdf

Replacing in the equation for k=2 we obtain V,(x) and then

+00 +00 2
VARIT,[X (0) = x] = j:s(f)jf s(,u)(jﬂ m(H)de dud &

These have to be numerically integrated.
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‘ Logistic model, approximate drift coetticient

|[3(><)| |CY()()|‘< éi R :Z—Ié?, d= 7 = —
o)

a
K’ a

0 Kv
£ fr,] =R 2R 2R ( [ o Mm

2 _ap2(2RAZ _oR-1 y (+® _oR-1_u| [+, 2R-1 -t t B5Y)
r°VAR,[T,] = 8R g Ve jy u—Re {ju t?Rle exp[ZRj —dv dt

u

[ [RIe exp[ZR § Mdv] ]dt]dudy
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Logistic model

For the logistic model a(x) =0

r E)Izogistic(R,d)[Ta] _ ZRIZZ:;Z y—2R 1.y F(ZR,y)dy

2Rdz

y Ry j;mu"ZR"le“ (r(2R,u))*dudy

with T(c,x)= j;ootc_le_tdt
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Logistic model, approximate drift coetficient

R* =R(1L-9) d*=d/(1- )
R ** = R(1+ 0) d**=d/(1+9),
1 2R*d*z _ *_ * A *
rEX[Ta]zl_a_ZR* s Y 2R 1eyr(2R*,y)dy— —r r ELO9ISUCRAAT T ]
1 2R**d**z  _ *k _ 1 it *% K%
rEX[Ta]S1+52R**.[2R**d** y R 1‘9yr(2R**,y)0'y:1+5r St 1Y

VARl 15) R+ [y R e [T el (r(2Ru)Pdudy
1_
1 .. * %
— (1_ 5)2 r2\/’A\R)I_(og|st|c(R d )[Ta]

1 * %2
(1 " 5)2 8R 2R **d **

_ i +15)2 r2v ARLOFISIC(R™ AT ]

PR*A**Z  _opwk_

VAR, [T,] < y ey _[;oo u 2R T (r (2R ** u))?dudy
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‘ Example Behavior of r times the mean of the

population extinction time

rEX[‘Eﬁ‘D]D__ Drift error J:E
-
3Dnn—- Drift error 0= 0.01
2000
{000 -
.4

Logistic

R=1(r= )
d=0.01 (a=K/100)

as a function of z=x/a

Drift error 6=0.1
Drift error 6= 0.01

Logistic

30+

A0+

1) |

R=1(r=?)
d=0.1 (a=K/10)
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‘ Example Behavior of r times the standard deviation of the
population extinction time  as a function of z=x/a

rSDx[Tj?D]D: / Drift error 0=10.1

4000

3000 - Drift error 0= 0.01

2000

1000

R=1(r=?)
d=0.01 (a=K/100)

Logistic

r SDy[Tal Drift error 0=0.1
ol f

Drift error 6= 0.01

Logistic

a0+

20

10

R=1(r=0&)
d=0.1 (a=K/10)
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‘ Gompertz model, approximate drift coetficient

a(X)
|,8(X)|_| |<5, R:é, d:%, Z:g

r Ey[Ta]= zjﬁ:((jdz) y J-+°° —t exp(Z\/EJ; ,B[Kexp(%dej]dtdy

r2VAR, [T4] = 8j§|:‘édz) y j+°° (rme‘tz exp(zﬁ I;/,BLKexp(\/vﬁdeDdt]

[ ju+°°e‘t2 exp[zﬁ ¥ ,B(K exp(VRde] ]dt)dudy
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Gompertz model

For the Gompertz model a(x) =0

r ESompertz(RA)f ] = 2\/—'.‘://:Iln((;l)2) (1 CD(«/_y))dy

\/7In(d 2 s+00 |2
rVARGOMPEER DT, | = 8] e jy e¥” (1 - o(v2u F dudy

with CD(x) f —e -+ /24t standard Gaussiand.f.

T2t
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Gompertz model, approximate drift coetficient

d*=d e?
d**=de®
r Ey[T,] 2 2&]?3”&” (1 d(+/2 y))dy—r goompertz(RA%r_|

r Ex[Tal < 2J71jf|'”(f:;z) “(1- o(2y)ky =r ECOmPertzRA™[r.]

a1y o] R ey’ [+ e 1 of aulf udy = r2vaRGomRER A

VAR, <o o e’ [ et - ofy2u Fouay = r2vargomPerRa Iy,
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‘ Example Behavior of r times the mean of the

as a function of z=x/a

population extinction time

r Ex[Ta]

1, =107 1

- - - : Drift error 0= 0.01 150 -

af

Gompertz

5, % 10%

R=1(r= )
d=0.01 (a=K/100)

1,5 % 10° - f Drift error 0=0.1 I‘ EX[TEajn]_'

200

100 -

50

Drift error

0=0.1

Drift error 6= 0.01

R=1(r= )
d=0.1 (a=K/10)

Gompertz
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‘ Example Behavior of r times the standard deviation of the

population extinction time

as a function of z=x/a

rSou el —m— _ .
§ Smn_r Drift error 0= 0.1 rSDX[Ta] 3 Drift error 0=0.1
4|:|_
_ Drift error 0= 0.01
Gompertz
30
1, = 107 ~
Drift_error_g=0.01 " )
Gompertz
5, %108
10 4
0 ——— Z ”J' - — ' Z
= A i 1 2 3 4 5 fi 7 S aQ 10

R=1(r= )
d=0.01 (a=K/100)

R=1(r=0&)
d=0.1 (a=K/10)
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‘Logistic model, approximate diffusion coefficient

_|a(><)| _ T g4=2
B(X) <9, R—UZ, d =2 "

r Ey[Ta] = ZRIZRdZ 1 1 exp jt V dv |dtdy

= i ﬁ(r;yj)yj;m(u ) y(“ ﬁ(%jf

2R
= -1
2Rd 1 +00 1 +00 1
r2VAR, [T =8R?[ J, ) exp j; v ~dv [t
1+ ﬂ(ﬁj 1+ ﬂ(&j u 1+ﬁ(ﬁj t Kv
Pl ) P 2r 2r (1+'B (?)lj
2R

+00 1 t Vv
ju N Kt texp _[u — 2dv dt [dudy
2r (1"' ﬁ(?)]
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Logistic model

For the logistic model a(x) =0

r E)Izogistic(R,d)[Ta] _ ZRIZZ:;Z y—2R 1.y F(ZR,y)dy

2Rdz

y Ry j;mu"ZR"le“ (r(2R,u))*dudy

with T(c,x)= j;ootc_le_tdt
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Logistic model, approximate diffusion coetticient

R* =R/(1+0)° d* =d(1+3)°/(1- )
R**=R/(1-0)° d**=d(1-8)*/(1+ )’

ElTal 2 2R [ oy 2R e (R y iy =1 BRI ]

 EyfTa s 2R x#[7 7y TR T T (aR x5 y Yy = ¢ EROUSIRTIM
a

2R **d *%*

r°VAR, [T,] = 8R *2 22::;**2 y 2Ry j;oou_ZR*_le“ (r (2R*,u))*dudy

_ i _15)2 2y ARkogistic(R*,d *) i

2 2 (2R™A™Z  _oR™ -1y [T —2R**— 2
rVAR[Ta]<8R**2[ 0 7y eyjy u Te¥ (I (2R **,u))*dudy
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‘ Example Behavior of r times the mean of the

population extinction time

ogerror 0=0.1

r Ex[Ta]

20000

20000

10000

oerror 0=0.01

R=1(r= )
d=0.01 (a=K/100)

as a function of z=x/a

140

r EgfTa] oerror =0.1
120
100
20 S
al S

oerror 0=0.01
4|:|_

| Logistic

20
Logistic ]
0

Z

R=1(r=?)
d=0.1 (a=K/10)
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‘ Example Behavior of r times the standard deviation of the

population extinction time

r SDy [Ta]

. ( oerror 0=0.1

20000

10000

oerror 0=0.01

1=

T T T T T T T T T T T T
1 2 3 4 5 & ! 8

R=1(r= )
d=0.01 (a=K/100)

r SDX[Ta] 140

120

al

¥l

ol

40 4

20
Logistic

T T 1
g 0 Z

| / gerror 0=0.1

100 +

as a function of z=x/a

oerror 0=0.01

Logistic

R=1(r=0&)
d=0.1 (a=K/10)
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‘ Gompertz model, approximate diffusion coetficient

a(X
|[3(><)|__| ( )|‘< éi R :Zzgé?, (j ::i%n V4 ::2;
i JRIn(dz) 1 oo 1 it y !
EX[Ta] ZL/_lnd (1+,8(KeXIO(Y/\/E») y (1+,8(Kexp(t/\/§))) P ZIY (1+,8(Kexp(\//J§)))2d ctdy

2VARX[Ta] 8IJ_ In(dz) 1 +oo 1

Rind (14 3k exply/NR)) ) b+ slcerplu/VR))

N

SR ) o
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Gompertz model

For the Gompertz model a(x) =0

r ESompertz(RA)f ] = 2\/—'.‘://:Iln((;l)2) (1 CD(«/_y))dy

\/7In(d 2 s+00 |2
rVARGOMPEER DT, | = 8] e jy e¥” (1 - o(v2u F dudy

with CD(x) f —e -+ /24t standard Gaussiand.f.

T2t
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Gompertz model, approximate ditfusion coeftficient

«/_In(dz) & o ([ t? +oo RS
\/7_[ ((1+5)2J{Iyexp[ (1+5)2Jdt+jo exp[ oy t |dy

JRInd
J_ In(dz) re t2
d
> ._ 8 x/ﬁln(dz exo| t2 [ axpl - t2 ° J
r VARX[Ta]— (1+5)4 JRInd {(14_5) j {(1 5) J{J‘ [ (1+5) jdt .[0 p{ (1_5)2}“} dudy

[ ex
2
8  JRIn(dz) yZ e u? +o0 t2
+—(1_5)4 JRInd exp[(1+5)2 jo exp((l_é)zJUu exp{—(l_d)2 dt | dudy

2
5 8 \/Eln(dz +oo t2
rVARX[Ta]SW@'“d ((1 D% ]j " [(1 % JU " [_ - Jde" exp[_aw)z}jt} “e

2
8 JRIn(dz) y2 +00 u? +oo £2
- of NRind "(ﬁﬁ ex"[mzj(fu exp(‘(m)z t | dudy

There are “nicer” but not so good bounds

r Ex[Tal=

a1+

r Ex[Tal<
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‘ Example Behavior of r times the mean of the

population extinction time

r Ex[Ta]_ ( oerror 0=0.1
300 H

oo Ex[Ta )l oror 5-0.1

10+

oerror 0=0.01

e

R=1(r= )
d=0.01 (a=K/100)

Gompertz

as a function of z=x/a

400 +

300 +

oerror 0=0.01

200 +

100 +

R=1(r= )
d=0.1 (a=K/10)
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‘ Example Behavior of r times the standard deviation of the

population extinction time  as a function of z=x/a

r SDy[Ta]

f oerror 0=0.1

11
|Og(r SDX[Ta]) oerror 0=0.1

200
10 H
400
ogerror 0=0.01 .
e

Logistic

oerror 0=0.01

200

Logistic

R=1(r = &) R=1(r=0¢)
d=0.01 (a=K/100) d=0.1 (a=K/10)
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‘ Harvesting models

1 dX
——— =f(X X —h(X
(5) g = TR +a(X)elt) —h(X)
h(X) harvesting effort (when population size is X)

g(X)=f(X)-h(X) net growth rate
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Conclusions

*\We have studied general (“true”) models of population growth in random
environments so that properties obtained are not model specific.

*\We have shown that “mathematical” extinction occurs if the geometric average
growth rate at low population densities is negative. If it is positive, “mathematical”
extinction does not occur and there is a stationary density.

*’Realistic” extinction (population dropping to a positive low extinction threshold)
always occurs. We obtained explicit expressions for the mean and standard
deviation of the extinction time, which are of the same order of magnitude. So,
use of means alone is not very informative.

oIf the true average growth rate or the true environmental noise intensity are very
close to the standard model (logistic or Gompertz), the mean and standard
deviation of the extinction time are close to the ones of the standard model. One
can then use a standard model, which is much simpler to deal with, as a
convenient approximation. One can even have bounds for the error committed.

*Otherwise, the use of the approximate model may lead to values quite different
from the true ones.
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Graclas

Thank you
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